
Now a specific way to express sin h = h+o(h), as h → 0,

in the format: f(x + h) = f(x) + f ′(x)h + o(h)

is sin h = 0 + 1 · h + o(h),

which yields sin 0 = f(0) = 0

and sin′ 0 = f ′(0) = 1,

and a specific way to express cos h = 1+o(h), as h → 0,

in the format: f(x + h) = f(x) + f ′(x)h + o(h)

is cos h = 1 + 0 · h + o(h),

which yields cos 0 = f(0) = 1

and cos′ 0 = f ′(0) = 0.



Using sin h = h + o(h), and

cos h = 1 + o(h), as h → 0,

we can expand

sin (x + h) = sin x cos h + cos x sin h

= sin x
(

1 + o(h)
)

+ cos x
(

h + o(h)
)

= sin x + o(h) sin x

+ h cos x + o(h) cos x

= sin x + h cos x + o(h),

so that
d

dx
sin x = cos x



The traditional way to get the derivative of sin x:

lim
h→0

sin (x + h) − sin x

h

= lim
h→0

sin x cos h + cos x sin h − sin x

h

= lim
h→0

cos x sin h + sin x(cos h − 1)

h

= lim
h→0

(

cos x ·

sin h

h
+ sin x ·

cos h − 1

h

)

= cos x · lim
h→0

sin h

h
+ sin x · lim

h→0

cos h − 1

h

= cos x · 1 + sin x · 0

= cos x
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Using sin h = h + o(h), and

cos h = 1 + o(h), as h → 0,

we can expand

cos (x + h) = cos x cos h − sin x sin h

= cos x
(

1 + o(h)
)

− sin x
(

h + o(h)
)

= cos x + o(h) cos x

− h sin x − o(h) sin x

= cos x − h sin x + o(h),

so that
d

dx
cos x = − sin x.



The traditional way to get the derivative of cos x:

lim
h→0

cos (x + h) − cos x

h

= lim
h→0

cos x cos h − sin x sin h − cos x

h

= lim
h→0

− sin x sin h + cos x(cos h − 1)

h

= lim
h→0

(

− sin x ·

sin h

h
+ cos x ·

cos h − 1

h

)

= − sin x · lim
h→0

sin h

h
+ cos x · lim

h→0

cos h − 1

h

= − sin x · 1 + cos x · 0

= − sin x
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d

dx
tan x =

d

dx

sin x

cos x

=
(sin x)′ cos x − sin x(cos x)′

cos2x

=
(cos x) cos x − sin x(− sin x)

cos2x

=
cos2x + sin2x

cos2x

=
1

cos2x

= sec2x

d

dx
tan x = sec2x
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d

dx
cot x =

d

dx

cos x

sin x

=
(cos x)′ sin x − cos x(sin x)′

sin2x

=
(− sin x) sin x − cos x(cos x)

sin2x

=
− sin2x − cos2x

sin2x

=
−1

sin2x

= − csc2x

d

dx
cot x = − csc2x



d

dx
sec x =

d

dx

1

cos x
= −

(cos x)′

cos2x
= −

− sin x

cos2x

= sec x tan x

d

dx
sec x = sec x tan x

d

dx
csc x =

d

dx

1

sin x
= −

(sin x)′

sin2x
= −

cos x

sin2x

= − csc x cot x

d

dx
csc x = − csc x cot x


