The Lagrange Mean Value Theorem for Derivatives and
the Intermediate Value Theorem for Continuous Functions

yield Darboux’ Intermediate Value Theorem for Derivatives:

If f'(x) exists for a < x < b, with f'(a) # f'(b)
then for any number d between f’(a) and f’(b)

there is a number c in a < ¢ < b where f’'(c) = d.
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In each of the possible cases, above,

we have either
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The Mean Value Theorem applied to f(x) between a and x;
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Intermediate Value Theorem for Derivatives:
If f'(x) exists for a < x < b, with f'(a) # f'(b)
then for any number d between f’(a) and f’(b)

there is a number c in a < ¢ < b where f’(c) = d.

Application:

If f'(x) exists, with f’(x) # 0, on any interval

then f has a differentiable inverse, there.

Proof:
f’(x) could not change sign without taking the value 0.
f’(x) is either always positive or always negative.

f(x) is either strictly increasing or strictly decreasing.

f(x) is one-to one. Thus f has an inverse f~!.

Since f is differentiable, so is f1.



Intermediate Value Theorem for Derivatives:
If f'(x) exists for a < x < b, with f'(a) # f'(b)
then for any number d between f’(a) and f’(b)

there is a number c in a < ¢ < b where f’(c) = d.

Application:

If f'(x) is increasing or decreasing on an interval,

then f’ is continuous there, so f is smooth there.

Proof:

A monotone f’(x) which is not continuous would have a jump,

contradicting the Derivative Intermediate Value Theorem.



