Recall: A function £(Xx) is de ned for each x in [a; b];
with dividing points X; between a and b such that
A=Xg< X1 < Xo << Xj<:ii<Xp=Dh:
Each subinterval [X; 1; Xi] has a sampling point ;
where X; 1 i Xjforeach 1 =1;2;:::n:

X0 X1 X2 X3 Xi 1 Xi Xn 1 Xn o

a 1 2 3 j n Db
b

The corresponding Riemann Sum for T(Xx)dx is de ned as:
a

FC D)X X)) +F( )2 x)+:m+F(n)Xn  Xn 1)
X
— O Xi 1)

=1



X
We have seen that these Riemann Sums O Xi 1)

7 i=1

a

converge to the integrals T(X) dx;
b

whenever ner and ner subdivisions
A=Xg< X1 < Xo<:n<Xj<::<Xn=Db
are made for which max (X;j X;j 1) approaches O;
and whenever the function f is continuous or nondecreasing.

Many of the following theorems about integrals
are more obvious for their corresponding Riemann Sums, rst,
before we let these sums converge to the integrals:



Z a A b
f(X) dx = T(X) dx

b a

Proof:. If the roles of a and b are reversed,
the dividing points X; will appear also in reverse order,

Xn Xn 1 Xi Xi 1 X3 X2 X1 X0, %

b n i 3 2 1 4

The di erences satisfy (Xi Xi 1) = Xi 1 Xij):
X X

Thesums  F( )X 1 X)) = O Xi 1)

converge tc') the integrals |

under ner and ner interval subdivisions.



Theorem: On a nite interval,
a Bounded Nonincreasing Function is Riemann Integrable.

Outline of One Proof:

Use the original proof above

for the Riemann integrability of nondecreasing functions,
but reverse all of the right-left inequalities.

y
| —1 | >
An Easier Proof: b a'a b
Re ect the graph across the y-axis. Trade each X with X.
If £() Is nonincreasing as X goes from a to b,

then £( X) is nondecreasing as X goes from bto a:
Zy, Z Z 4

T(X) dx = f( X) dx = f( x) dx:

X=a X= a X= b




A b VA C A C
f(xX) dx + f(X) dx = T(X) dx

a b a

a b C

Interpretation:
If £(x) happens to be positive, andifa b c;
the left area and the right area add up to the total area.



Z b Z C Z C
f(xX) dx + f(X) dx = T(X) dx
a b a
a b C
Outline of Proof: > . Z .
The rectangles for and the rectangles for
a / b

C

will combine as the rectangles for
a

The Riemann sums add accordingly. Then limits can be taken.



Because Riemann sums can go left-to-right or right-to-left,
It doesn’t matter which of a; b or c is larger or smaller.

A b VA C yA C
f(xX) dx + T(X) dx = T(x) dx

a b a




Theorem:

On any interval

divided into a nite number of nite closed subintervals,
any bounded function which, on each of these subintervals,

IS either Nondecreasing, Nonincreasing and/or Continuous
IS Riemann Integrable.

Outline of Proof:

Earlier theorems show the existence of the integral
on the subintervals where the function is nondecreasing,
on the subintervals where the function Is nonincreasing,
and on the subintervals where the function is continuous.

The preceding theorem can combine the integrations
on these subintervals.




a a
Proof:
The constant ¢ can factor out of a Riemann sum:
X X
cF( )X Xi 1) = ¢ T Xi 1);
i=1 i=1
l.€e. cF( )D(X1 X)) +:ii+cfF( n)(Xn Xn 1)

= C f( 1)(X1 Xo) + .+ f( n)(Xn Xn 1)

This equality holds for the corresponding limit integrals.



Ly Ly Ly
T(X) +g(x) dx F(X) dx —+ g(x) dx

a a a

Proof: The Riemann sums are additive:
X
FCi)+a(i) i Xi 1)

1

| FC)i Xi 1) +9( )i Xi 1)
" =
()i X 1) + g( DX Xi 1)
1

=1 1=

This equality also extends to the corresponding limit integrals.



If T(X) %(x) fora X b;
b

Zy,
then T(X) dx g(Xx) dx:
Proof. Since (i) gl i);
and since 0 Xi Xi1 = Xi Xi 1.

we have OO Xi 1) g( DX Xi 1);

X X
O Xi 1) g( DX Xi 1);

i=1 =1

This inequality holds for the corresponding limit integrals.



If T(X) %(x) fora X b;
Zy, b
then T(X) dx g(x) dx:
a a
nas the special cases:
If T(X) O fora X b;
Zy,
then T(X) dx 0:
a
If O g(X) fora X b;
Zy,
then O g(x) dx:




A Bound on the Integrand implies a Bound on the Integral

If m , T(X) M fora X b;
b

then m(b a) T(X) dx M a):

a

Proof:

If m T(X) M fora X b;

then, from the inequality theorem above, we have
Zy, Z Z
m dx T(X) dx M dx;
a Zab a
m(b a) T(X) dx M((b a):

a



A Bound on the Integrand implies a Bound on the Integral

If m , T(X) M fora X b;
b

then m(b a) T(X) dx M a):

a

Another Interpretation:
These are just the usual inequalities about a lower rectangle,
an integral, and an upper rectangle.

M M

<




Trian%le Inequality for Integrals
b

Zy,
T(X) dx f(xX) dx,ifa b.
a a
Prgo;‘. JF(X)] , bf(x) , bjf(X)j yields
JF(X)] dx T(X) dx JF(X)) dx;
a Z b Zab Zab
JF(X)] dx T(X) dx JF(X)] dx;
a Zab Zab
and T(Xx) dx f(x) dx:
%) ; PACS)
//’(k /\

~
AM-X
b



fora X b;

Mdx M(b a)
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An Integral-Accumulating Function fort 1
forl<t 3;
: . for3<t 4
Start with the function: y = f(t) =
y 4 ford<t 5
A
21 t for5<t 6:
4 - for 6 < t:
! i = T
1 1 2 3 4 6 7
11

We de ne F (X) to equal T(t) dt:
=2



ZX

We de ne F (X) to equal (1) dt:
2

Forl Xx 3;
ZX ZX
F(X) = () dt = 2dt = 2(x 2) = 2x 4
2 2
y
A
24
1+
i =
1 1 3 4 5 6 7
11



F0r3 X 4,ZX Z3 7

X
F(x)equals F(t) dt= 2dt+ ( 1) dt
2 2 3

= 23 2)+( IH)(x 3) = 2 x+3 = 5 x:




For4 X 5’Zx Z . 7

X

F(x)equals F(t) dt= F(t) dt+ t 4 dt
2 2 4
X 4)? 1
= 2 1+ ( ) = x? 4 + O:
2 2
Y
A
2..
1..
1 1 & 7 .




For5 X 6,ZX Z . 7

X

F(x)equals f(t)dt= F@)dt+ 6 tdt
2 2 5
1 (x 5)?
= 2 1 + — + + (X 5)(6 X)
2 2
y = %xz + 6X 16:
A
2..
1..
1 1 6 7




For 6 X; 7 Z 7

X X
F (X) equals f(t) dt = f(t) dt+ 0 dt
2 2 6
1 1
=2 1+ - + — + 0(x 6) = 2:
2 2
y
A
2+
1..
1 1




Forl x 3; 5

= 2(2 x) = 2x 4




For x 1, Z . Z, 7
F(X) = () dt = 2 dt + 1 dt

— 2 1(1 X) — X 3




38
An Integral-Accumulating Function fort 1
forl<t 3;
: . for3<t 4
Start with the function: y = f(t) =
y t 4 fora<t 5;
A
21 t for5<t 6;
4 - for 6 < t:
! i = T
1 1 2 3 4 6 7
11

We de ned F (Xx) to equal T(t) dt:
=2



2
1..
[ : : j j i j — X
1 3 4 5 6 7
21 3 for x 1;
3.1 2X 4 forl x 3;
Z x 5 X for3 x 4
F(X) = f(t) dt =
%xz 4X + 9 for4 x 5:
—x2 +6x 16 for5 Xx 6:
- fore X:
Note: T iIs a function of t; F 1S a continuous function of X.

Wherever T has jumps, F has corners.



Wherevey f((x) IS bounded (jf(x)] some M),
F(X) = T(t) dtis continuous (even if  isn’t).

T(X)
o(1) .
a X X + 0(1)
VA X+0(1) VA X VA X+0(1)
f(t) dt = f(t) dt + f(t) dt
t=a t=a =X

F(x+o0(1)) = F&) +




Whereveg 1:((x) IS bounded,

F(X) = T (t) dtis a continuous function of X.
t=a

Proof. Having T (t) bounded, for all t’s near some number Xg;
means that jF(t)] some M, for jt XgJ < some ;:

For an = (; let = min r—
y 2 1I\/I

Xo 2 X0 Xo T

Then for any X within jX XgJ < »; : —
any t between x and Xq will also satisfy

1; SO that i’f (D)) M;
Xo

Jt Xo) <X  Xq < 3

X

and F(X) F(Xg) = £(t) dt £(t) dt
v t=a t=a

X
f(t) dt MjX Xof < M > M—=
t=Xp M



Meaning:
An Integral is usually a continuous function of its endpoints.

Z Z Z 4
f(X) dx = T(X) dx T(X) dx
isaa continuous fun%tion of a and a f:ontinuous function of b:

Application:
For rational Kk 0: tKis bounded at t = 0O:
so that for b = 0 we have,

VA b VA b bk+1 ak+l
t“dt= lim t< dt= lim
0 al(O+ a a¥o+ k +1
bk+1 Ok+1 bk+1

kK +1 _k+1'



Another Example: G(X) Is 3 Units Higher than F (X) .

VA X VA 2 VA X
G(x) = f(t) dt=  f@) dt+ F(t) dt = 3+F(X)
0 0 2

Yy

A
44 . :

(F(¥) is still)
3] the same.)
24
1+
} > X
1 1 2 3 4 5 6 I

14
21 Roth fiinctione E and GG are contintiniis




Another Example: Same T, but G is 3 Units Higher

VA X VA 2 VA X
G(x) = (1) dt = T(t) dt+ f(t) dt = 3+F (X)
0 0 2
8
X for x 1;
2X 1 forld x 3
Z x 8 X for3 x 4
G(x) = T(t) dt =
0 %xz 4x +12 ford x 5
%xz +6x 13 for5 X 6
- X:

for 6

Both functions F and G are continuous,
even where T has jumps.



Z X
What’s an integral accumulating function, like F (x) =  f(t)dt;

C

good for?
y y = (1)
W—T__)t
L—’C——__b__
y C a > 1
F(O) F()

a b >

Zy Ly Z h I,

f(dt = F(t)dt af(t)dtzF(b) F@= F(9)

a C C



Bracket Notation: T(X)
X

h I, h I,
or f(xX) means f(b) f(a):
a a

2 5% 2 0 = 2 625 2 0= 1350:

3 1° 1 3 1 (1
3 1 (3+1) =3 1+3 1=4;

2 2 = 0

f(b) T(a)

f(lb)+C f@) C
h I,
T(X) ; regardless of the constant C:
a



ZX ZC ZX
G(x)= F() dt= F() dt+ F(t) dt = K + F(x)

d d
What is G(X) good for? The same thicng.

y y = (1)
LT e |
y d b > 1
a b >t
Ly h i, h iy
f(t) dt = G(b) G@a) = G(X) = FX) +K
a  h i,

= F()+K F@+K =F®b) F@= FX)



oooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

oooooooooooooooooooooooooooooooooooooooooooooooooooooooo

:1 3 h 4 P 5 6 7 )X
.............. f(x)dx = F(x) =F(2) F(1)
Y =10 =0 (2=2
1 0 3
Z . h g 3 1
4f(x)dx= PO, =FG) F@® =5 1=53



F(x)

1
[ i i i i } i p— X
1 1i 1 272 3 4 5 6 7
2 f()dx = F(x) =2 ( 3=5
y 0 Z , h i,
f (x)dx = F(x)
3 3
= 1 — 1;
1
T,0 1 2 .3 4 5 6 7
Z 3 h i 5 3 1
f(x)dx = F(x) =F(@) F(®) =2 5= 5

5



