We shall start with:

f ar = [FOl, = f) - f),

t=a

then rearrange: f(x) = f(a)+ ’ f'(t) dt

f@) = fla)— : F(8) (@ — by dt,

then integrate by parts:

f@) = fla)— [FO@—0]" + [ &)@t dt,

t=a

flx) = fla) - f'(z)(z —z) + f(a)(x — a)

xTr

+ f”(t) (CB o t) dt,

t=a

f@) = f@+ F@e-a+ [ fHe-1 d



F@) = f@)+ F@@—a) + [ )@t d,

t=a

1@ = f@+f@e-o- [ rol3r)

then integrate by parts again:
f(@) = f(a)+ f(a)(z —a)
(x —t)°

[f”(t)( > )] + ff‘?’)(t) 5 dt:

t—=a

fl@) = fla)+ f'(a)(x — a)

@ [ g,

t=a




f@) = f@)+ @) —a)+ @)Y

+ f<3>(t) @ > D at,
f@) = f@)+ (@) (@—a)+ f”(a)( o
_ f(?’)(t) <(m _ )3>, dt,
then integrate by parts again:
(z — a)z

f@) = fa)+f(a)(z - a)+ f"(a)
0@ [

3!




(z — C'/)3

(213 —'a)2_|_f(3)( )

+ f<4><t)( ;t)g

f(x) = f(a) + f'(a)(z — a) + f"(a)

7

then integrate by parts again:

(z — a)3

F@) = Fa) + (@)@ —a) + (@) " 4 50 a)

R xﬂw@<—)4 :

' t=a

and again:
(z — a)? (z — a)?’

f(@) = f(a) + £(a)(@ - a) + £"(a)— - + £V (a)
(z—a) [ @—w5

@y po@ -y [ o@D,

4! 5! t—a

+f%(a)




If f can be differentiated n 4+ 1 times we have

n!

dt.

t=a

(Taylor Polynomial) (Integral Remainder)

Since f"*! satisfies the Intermediate Value Property,

the Integral Mean Value Theorem yields

/33 f(n+1)(t)(m —'t)n = ferg T (x—t)" i
t=a n.

t=a n!

where ¢ is some unknown number between a and x.

If f can be differentiated n 4+ 1 times we have

n

f@) = 3 9@ T 4 e

k=0

(x — a)™1
(n +1)! .
(Taylor Polynomial) (Lagrange Remainder)




We shall bound the Integral Remainder: f<"+1>(t)( ' ) dt.
t=a n.
If, when t is between a and x,
we have f (n+1) (t) lying between minimum m and maximum M,
then we also have
x —t)" x —t)"
f (”+1)(t)( ) lying between m( )
n! n!
(z —t)"
and M .
n!
x x—t)" x x —t)"
/ f ("H)(t)( ) dt lying between m( ) dt
t=a n! t—a n!

and / M dt,
t=a ’I’L!



/ £ (@) (@ ) dt lying between m (z ) dt
t=a n! t=a n!
and M dt,

x n n+1jx
(n+1) (z — 1) : _ (z — 1)
/t:a f (t) . dt lying between m[ eV
[ (33 _ t)n—|—1] x
and M| — ,
(’I’L _|— 1)' t=a
T — )" _ n+1
/t:a f(n+1)(t) (x - ) dt lying between m(a(zn _:L)l)!
(x — a)™

and M

9

(n + 1)!



T _ t n _ n+1
/ f("H)(t) (@ ) dt lying between m(w a)
t=a n! (n + 1)!
(CI) _ a)n—i—l
and M ,
(n +1)!
T — )"
[ remm® 0 a
t=a (@ — a)n+nl" lying between m and M,
(n+1)! just like the function £V (x) does.

Now if ("1 (x) has maximum M and minimum m,

t=a n!
(x — a)™*!

(n +1)!

t'n
)dt

then we can have

equal to £("t1(c) for some c between a and .



This is why Lagrange wrote

(z —t)"

!

(x — a)™
(n +1)!

(Easier to write)

)

t—=a

dt = (e

Using this, if we know that f("t1)(t) is between m and M, then we know
that
(iB _ a)n—l—l

(n + 1)!

(x — a)™!
(n+1)!

(Easier to use)

T — )"
/ f(n+1)(t) ( : ) dt lies between m
; n!

=a

and M




If f can be differentiated n 4+ 1 times we have

n _ k x — )"
f@) = 3 r0@E= D [7 g @D g
k—0 k! t—a n!
(Taylor Polynomial) (Integral Remainder)

now 1mearns

If f can be differentiated n + 1 times, with m < f(*t1(¢) < M,
then f(x) lies between

> 9@ g m

n Nk
md 3~ (@ ey v
=0

r — a)™t!
(n + 1)!
r — a)*t!

(n + 1)!




Example: Let f(x)equal z* — x° + ? — = + 1. and let a = 2.

fx)=2*—z*+2*—x+1. f(2)=16—-8+4—2+1=11.
fl(r) =42® — 32> + 2z — 1. f/(2)=32—-124+4—1=23.

' (x) = 122* — 6z + 2. f(2) = 48 — 12 4+ 2 = 38.
& (x) = 242 — 6. F®(2) = 48 — 6 = 42.
f@(x) = 24. 24 < fW(e) < 24.

The Third Degree Taylor Polynomial is

(x -2 , (z—2) (z—2)*  (x—2)°
11 23 38 42
o T 2 3!

=11+ 23(x — 2) + 19(x — 2)* + 7(z — 2)°.
f(x) lies between
0 5 (x — 2)*
11 +23(x — 2) +19(x — 2)? + 7(x — 2)* + 24 T

0 5 (x — 2)*
and 11 + 23(x — 2) + 19(x — 2)" + 7(x — 2)° + 24 TR




Example: Let f(x)equal z* — x° + ? — = + 1. and let a = 2.

fx)=2*—z*+2*—x+1. f(2)=16—-8+4—2+1=11.
fl(r) =42® — 32> + 2z — 1. f/(2)=32—-124+4—1=23.

f’(x) = 12z* — 62 + 2. f7(2) = 48 — 12 4+ 2 = 38.
& (x) = 242 — 6. F®(2) = 48 — 6 = 42.
£f@(z) = 24. F0(2) = 24.
f®(z) = o. 0< ) <o

The Fourth Degree Taylor Polynomial is
11+ 23(z — 2) + 19(x — 2)* + 7(x — 2)° + (= — 2)™

f(x) lies between

(z —2)°
5!

(z —2)°
5!

11 +23(x—2)+19(x —2)* +7(x —2)° + (z —2)* +0

Y

11 4+23(x—2)+19(x —2)* +7(z —2)°+ (x —2)*+0




Example: Let f(x)equal sinx and let a equal 0.

f(x) = sinx. f(0) =sin0 = 0.
f'(x) = cos x. f'(0) = cos0 = 1.
f(x) = —sinxz.  f"(0) = —sin0 = 0.

fO(x) = —cosz. fP(0) = —cos0 = —1.

f(4)(:c) — sin o. f(4)(c) — sin c.

Third Degree Taylor Polynomial:

0 CBl 332 333 333

4 5
fle) = 05r+ 197+ 05, — 15

a’/’__
3!

T 7y
If0<w<§,thenwehave O<e<x <§,

7Ly
sin0) < sinc < sin PY

0 < f%(e) <1,



il (4)
If0<:c<§,thenwehave 0 < f¥(c) < 1,

4 4
The Lagrange Remainder satisfies: 0 < f (4)(C)Z < 1-—,

w

€T A x?
so that sinxz = f(x) = ¢ — — + fW(e)=—
3! 4!
3
lies between x — 5 + 0
:133 x?
and x — 5 -+ Z

If * were to equal —,

3
this would place sin 10 between 0.2955 and 0.2957.



Example: Let f(x)equal sinx and let a equal 0.

f(x) = sin x. f(0) =sin0 = 0.
f'(x) = cos . f'(0) = cos0 = 1.
() = —sinxz.  f"(0) = —sin0 = 0.

f(x) = —cosz. f3(0)=—cos0 = —1.

f(4)({,3) — sin . f(4)(0) = sin 0 = 0.
£ (z) = cos . £ (c) = cosec.

Fourth Degree Taylor Polynomial: (same as Third Degree )

0 CIZ‘l w2 2133 2134 2133

4 5
—_ | - - - JR— -
fla) =0or+ 1y + 05, — 1oy +00 = z—o
T 7T
IfO<m<§,thenwehave O<cec<x <§,

Ly
cos0 > cosc > COSE,

1> f®(e) >0,



il (5)
If0<m<§,thenwehave 0 < f*(c) < 1,

5 5
This Lagrange Remainder satisfies: 0 < f (5)(0)5 < 1-—,

w

€T x°
so that sinxz = f(x) = ¢ — — + O (e)=
3! 5!
3
lies between x — 5 + 0
:B?’ x°
and x — ; -+ a

If * were to equal —,

3
this would place sin 10 between 0.29550 and 0.29553.



Example: Let f(x)equal sin x and let a equal O.

4 (2) = sina. % (0) = sin0 = 0.
FEFD () = cos . FUEHY(0) = cos0 = 1.
FEH2) (2) = —sing. F2(0) = —sin0 = 0.
f(4k+3)(£13) — — COS T. f(4k+3)(0) — —cos0 = —1.

From the above we have

20 (z) = (—1)Lsin . F20(0) = (=1)Lsin0 = 0.
f(2L+1)(a:) = (—1)" cos x. f(2L+1)(O) = (—1)Ycos0 = (—1)%.

The Taylor Polynomial of degree 2L:

iI)O €B1 332 £B3 I 332L_1 w2L
0 1 0— —1— + ... —1)+1 0-
()!Jr 1! + 2! 3! o+ (=) (2L — 1)! + (2L)!
333 w5 337 w9 I 2L—1
equals « — — — .« — 1)1
1 TR T T A T T Y




T
If, when x is between 0 and 5,

we have cosx lying between 0 and 1,
f(2L+1)(c) — (—1)L cos c lying between 0 and (—1)L,
w(2L+1) w(2L—|—1)
FEIH () lying between 0 and (—1)F ,
(2L + 1)! (2L 4+ 1)!
so that sinxz = f(x)
3 P 2L—1 p(2L+1)
R e (—1)E1 (2L+1)
TR S ATy s T A Ty
lies between
wg iB5 2L—1
T — coeH(—=1)E1
3! + 5! + +(=1) (2L — 1)!
3 5 p2L—1 o (2L+1)
and ¢ — v (—=1)E! —1)*
TR (=) (2L—1)!+( ) (2L 4+ 1)V

two consecutive Taylor Polynomials.



7y
For 0 < x < 5 the value of sin x lies between
the values of any two consecutive Taylor Polynomials.

of odd degree.

This also apparent from the fact that

00 p(2L+1)
the entire infinite seriesZ(—l)L for the sine
— (2L + 1)!
T

is an alternating series for 0 < x < —.

For any other value of x,
T
the series terms start decreasing in size after L passes %,

and they start to form an alternating tail of this series.

Then sin x will be straddled by the partial sums of this series.



Example: Let f(x)equal cosx and let a equal 0.

£ () = cos . £ (0) = cos0 = 1.
FUEEFD () = — sin . FEEFD(0) = —sin0 = 0.
f(4k+2)(£13) — — COS . f(4k+2)(0) — —cos0 = —1.
FAE+3) () = sin . FAE+3)(0) = sin0 = 0.

From the above we have

fe(@) = (—1)Ecosw.  fE(0) = (—1)Fcos0 = (~1)%.
f(2L—|—1)(w) _ (_1)L+1 sin . f(2L—|—1)(O) _ (_1)L+1 <0 — 0.

The Taylor Polynomial of degree 2L — 1 equals

CBO 2131 CB2 133 I CIZ2L—2 :132L_1
1—+0— —1—+0— 4+ -+ + (=)= 0
or 7011 TR TI +(=1) (2L—2)!Jr (2L — 1)!
CBZ 334 $6 588 1 2L—2
equals 1 — — + — — -+ 4o (—1)

2! " 41 6! ' 8! (2L — 2)!



T

If, when T is between 0 and —,
we have cosx lying between 0 and 1,
f20(e) = (—1)fcosc  lying between 0 and (—1)%,
o) 2L . 2L
2 .
C lying between 0 and (—1
so that cosx = f(x)
R 2202 2L
— 1 — 4+ = 4o (=1)1 2L) (-
2! + 4! + +(=1) (2L — 2)! MR )(2L)!
lies between
o R 2L—2
1 — — 4+ 2 4ot (=1)L1
2! + 4! + +(=1) (2L — 2)!
R p2L—2 2L
andl — — 4+ — +---4(—1)E1 —1)t
TR (=) (2L — 2)! +(=1) (2L)"

two consecutive Taylor Polynomials.



7y
For 0 < = < 5 the value of cos x lies between
the values of any two consecutive Taylor Polynomials

of even degree.

This also apparent from the fact that

> x
the infinite series  (—1)%
S

is an alternating series for 0 < x < —.

oL
for the cosine

For any other value of x,
T
the series terms start decreasing in size after L passes %,

and they start to form an alternating tail of this series.

Then cos x will be straddled by the partial sums of this series.



Example: Let f(x)equal e® and let a equal 0.
FO@) = fH0) = =1.

Taylor Polynomial of Degree n equals

x’ x! x? x3 x"
TR TE T TH R A
_ i x3 "
I TR TR R -

If0<xz,then 0<c<z andl = e < ftU(e) = e° < €~

The Lagrange Remainder is bounded by

wn+1

F (e) < e

wn+1 wn+1

oy S mr)! S Cmr)



If x is positive we now have

wn—|—1 wn—l—l wn—l—l
< (n+1) c < e® ]
(n+1)! / ( )(n—l—l)! (n+1)!
n wk ( ) n+1
With e* = — ntl)(e this becomes
32 e I
—0
n wk wn—l—l n :Bk CBn_'_l
LA -
—~ k! (n+1)! — k! (n + 1)!
mn—l—l n wk
The right-side inequality is equivalent to e* — e” < —
5 AHaTy s o4 (n+ 1)! ,;) k!
( mn—i—l ) n in
e’ 1 — < —
(n +1)! — k!
n ok
Ll
- k=0
€ < wn—|—1




Both inequalities now become
no_k

x
n+1 [ E
£ k=0 = °
ZE < €e° < peres
k=0 —
(n + 1)!

if o is positive

and if n is large enough to satisfy z"*! < (n +1)! .

Example:

If x were to equal 1, and if n were to equal 5, this would give

"1
1957 ° 1 — k! 1956
2.718 — = —— < 2.7204.
720 ,;)k 1_i 719



On the other hand, if x < 0,
then r < c < O
sothat 0 < e < fPtl(c) =e® < e =1.

wn—l—l wn—|—1
The Remainder £V (c) lies between 0 and 1 -
(n + 1)! (n + 1)!
n in ( +1) wn—i—l
and e = — (e itself lies between
;k!—l_f ()(n—l—l)!
S0 ad 3T T
o an o .
— k! — k! (n+4+1)!
Thus eR€gative x
n k n+1 [
T T
lies between its consecutive partial Taylor Sums Z — and —,
— k! — k!

as in the cases of the ultimately alternating series for the sine and cosine.



Example: Let f(x) equal Inx and let a equal 1.

f(z)= In z. F(1) = In1 = 0.
fay= Foy= t-1
fray = - = -
fO@= M= 2
fO@ = oM = -
£ (@) =(—nr 1 B ey = (Cor i1

(f(nJrl)(:n) would equal (—1)"* (n = D(=n) = (—1)" (n)! )

wn—l—l



Taylor Polynomial of Degree n:

In x equals

(@ — 1)!

0 +1 T

plus a remainder.

(x—17?  _(z—1)°
—1 LT n
(1) (-1 ;!1)
Z (—1)F (K — 1)'(:,; - 1)k
(x—1)° (z—1)° n_i(@—1)"
2 + 3 oo (=) n
R~ o (@ —1)F
— kz::l (—1) -



1
<

If x > 1,then we have x > c > 1 and 0 <
wn—i—l Cn—i—l

<1,
so that the Lagrange Remainder
n! (x—-1)"*"  (=1)"(xz—1)"*

(n+1) (213 o 1)n—|—1 _
O o ctt (n+ 1) et (n+1)

. (x — 1)1

lies between 0 and (—1)"-1
(n+1)

k) YN G Vi
k + 7 (¢) (n +1)!

so that Inx = Z(_l)k_l(m
k=1

n _ 1)k
lies between Z(—l)"’_1 (@ ) + 0
k=1 k

and z:(—l)k_l(a3 ; D + (—1)"

(z — 1)+
(n+1)

Thus, if £ > 1 (and these will converge as n — o0 if 1 < x < 2),

n+1 k
In x lies between Z( 1)~ (@ — and Z( 1)k- p ( )

k=1




If 0 < x < 2 then we can use the Mean Value Theorem for Integrals

in a slightly different way on the Integral Remainder:

T —t)" x n! (x—t)"
(n+1) (¢ (@ dt = / —1)" dt
t=1 / (t) n! tzl( ) tntl n!

_ (_1)n_1/tw t(_l)(w—t)n d

_1 t2 tn

- L) -

S L) ) -

where we have x constant and where we have ¢ between 1 and x,

T A )

- sG]

t=1



If 0 < x < 2 then the integral remainder £ (@)

x —t)"
( )"
t—1 n!
(=)t [ 1 =z nt1] "
equals c ——1
T n+1\t 1

(=11 | 1 (a: )"H 1 (:13 )”*1]
— C ——1 — ——1
€T n+1\x n+1\1

(-1)" (@ 1)

, with ¢ between 1 and x;

€T n+1
—1 n+1 —1 n+1
so it lies between (—1)"(33 ) and (—1)”(m ) ]
(n+ 1)x n+1
and so that In x lies between
i xr — 1)k x — 1)t
— (n+ 1)x

_ 1)n—|—1 n+l

and Z(_l)k—l(w ; 1) + (_1)n(mn I _ Z(_l)k_l(a} ; 1) .




Each of the above sums Z will approach its limit Z,

k=0 k=0
as n approaches oo,

as their respective integral/Lagrange remainders approach O.
We will get:

. p2k+1
sinx = —1 for all real x.
2 (D G
2k
k
cosxr = — for all real x.
D D 2o rall r
o0 CEk
e’ = — for all real x.
— k!

= xr — 1)~
Inx = —1 kH( for 0 < x < 2.
Sl <



