
HowCloseisanIntegraltoaLeftEndpointRectangle’sArea?
∫

b

a

f(x)dx−f(a)(b−a)

=

∫

b

a

f(x)(x−b)
′

dx−f(a)(b−a)

=f(x)(x−b)

∣

∣

∣

∣

b

a

−

∫

b

a

f
′
(x)(x−b)dx−f(a)(b−a)

=f(b)(b−b)−f(a)(a−b)

+

∫

b

a

f
′
(x)(b−x)dx−f(a)(b−a)

=

∫

b

a

f
′
(x)(b−x)dx

=

∫

b

a

f
′
(x)(b−a)

(

1

2
−B1

(

x−a

b−a

)

)

dx

y
=

b
−

x

ab



Whatdoes
∫

b

a

f(x)dx−f(a)(b−a)=

∫

b

a

f
′
(x)(b−x)dxmean?

Iff
′
(x)>0,

then

∫

b

a

f(x)dx>f(a)(b−a).

y=f(x)

ab

f(a)

Iff
′
(x)<0,

then

∫

b

a

f(x)dx<f(a)(b−a).

y=f(x
)

ab

f(a)



Whatelsedoes
∫

b

a

f(x)dx−f(a)(b−a)=

∫

b

a

f
′
(x)(b−x)dxmean?

∫

b

a

f(x)dx−f(a)(b−a)=f
′
(c)

∫

b

a

(b−x)dx(IMVT)

∫

b

a

f(x)dx−f(a)(b−a)=f
′
(c)

(b−a)
2

2
(a≤c≤b)

If|f
′
(x)|≤L,

then

∣

∣

∣

∣

∫

b

a

f(x)dx−f(a)(b−a)

∣

∣

∣

∣≤L
(b−a)

2

2
.

Iff
′
(x)<0,then

∫

b

a

f(x)dx<f(a)(b−a).

Iff
′
(x)>0,then

∫

b

a

f(x)dx>f(a)(b−a).



HowcloseisanIntegraltoaLeftRectangleSum?

Iftheinterval(a,b)isdividedevenlyby

a=x0<x1<x2<...<xn−1<xn=b,

wehave

∫

b

a

f(x)dxminustheLeft-HandSum

=
n∑

i=1

∫

xi

xi−1

f(x)dx−

n∑

i=1

f(xi−1)(xn−xn−1)

=
n∑

i=1

[
∫

xi

xi−1

f(x)dx−f(xi−1)(xn−xn−1)

]

=
n∑

i=1

[
∫

xi

xi−1

f
′
(x)(xi−x)dx

]



HowcloseisanIntegraltoaLeftRectangleSum?
n∑

i=1

[
∫

xi

xi−1

f
′
(x)(xi−x)dx

]

=

∫

xn

x0

f
′
(x)KL(x)dx

=

∫

b

a

f
′
(x)KL(x)dx=

∫

b

a

f
′
(x)

b−a

n

(

1

2
−B̂1

(

n
x−a

b−a

)

)

dx,

=f
′
(c)

∫

b

a

b−a

n

(

1

2
−B̂1

(

n
x−a

b−a

)

)

dx=f
′
(c)

(b−a)
2

2n
,

whereKL=
b−a

n

(

1

2
−B̂1

(

n
x−a

b−a

)

)

isgraphedby

x0x1x2x3x4x5x6x7x8x9xn−1xn

andwhere

∫

b

a

KL(x)dx=n
1

2

(b−a)

n

(b−a)

n
=

(b−a)
2

2n
.



∫

b

a

f(x)dxminusitsleftendpointsumequalsf
′
(c)

(b−a)
2

2n
.

If|f
′
(x)|≤L,

then

∣

∣

∣

∣

∫

b

a

f(x)dx−itsleftendpointsum

∣

∣

∣

∣≤L
(b−a)

2

2n
.

Iff
′
(x)<0,then

∫

b

a

f(x)dx<itsleftendpointsum,

whichisreallyjustanupperDarbouxsum.

Iff
′
(x)>0,then

∫

b

a

f(x)dx>itsleftendpointsum,

whichisreallyjustalowerDarbouxsum.



HowCloseisanIntegraltoaRightEndpointRectangle?
∫

b

a

f(x)dx−f(b)(b−a)

=

∫

b

a

f(x)(x−a)
′

dx−f(b)(b−a)

=f(x)(x−a)

∣

∣

∣

∣

b

a

−

∫

b

a

f
′
(x)(x−a)dx−f(b)(b−a)

=f(b)(b−a)−f(a)(a−a)

+

∫

b

a

f
′
(x)(a−x)dx−f(b)(b−a)

=

∫

b

a

f
′
(x)(a−x)dx

=

∫

b

a

f
′
(x)(b−a)

(

−
1

2
−B1

(

x−a

b−a

)

)

dx

y
=

a
−

x

ab



Whatdoes
∫

b

a

f(x)dx−f(b)(b−a)=

∫

b

a

f
′
(x)(a−x)dxmean?

Iff
′
(x)>0,

then

∫

b

a

f(x)dx<f(b)(b−a).
y=f(x)

ab

f(b)

Iff
′
(x)<0,

then

∫

b

a

f(x)dx>f(b)(b−a).

y=f(x
)

ab

f(b)



Whatelsedoes
∫

b

a

f(x)dx−f(b)(b−a)=

∫

b

a

f
′
(x)(a−x)dxmean?

∫

b

a

f(x)dx−f(b)(b−a)=f
′
(c)

∫

b

a

(a−x)dx(IMVT)

∫

b

a

f(x)dx−f(b)(b−a)=−f
′
(c)

(b−a)
2

2
(a≤c≤b)

If|f
′
(x)|≤L,

then

∣

∣

∣

∣

∫

b

a

f(x)dx−f(b)(b−a)

∣

∣

∣

∣≤L
(b−a)

2

2
.

Iff
′
(x)<0,then

∫

b

a

f(x)dx>f(b)(b−a).

Iff
′
(x)>0,then

∫

b

a

f(x)dx<f(b)(b−a).



HowcloseisanIntegraltoaRightRectangleSum?

Iftheinterval(a,b)isdividedevenlyby

a=x0<x1<x2<...<xn−1<xn=b,

wehave

∫

b

a

f(x)dxminustheRight-HandSum

=
n∑

i=1

∫

xi

xi−1

f(x)dx−

n∑

i=1

f(xi)(xn−xn−1)

=
n∑

i=1

[
∫

xi

xi−1

f(x)dx−f(xi)(xn−xn−1)

]

=
n∑

i=1

[
∫

xi

xi−1

f
′
(x)(xi−1−x)dx

]



HowcloseisanIntegraltoaRightRectangleSum?

=
n∑

i=1

[
∫

xi

xi−1

f
′
(x)(xi−1−x)dx

]

=

∫

xn

x0

f
′
(x)KR(x)dx

=

∫

b

a

f
′
(x)KR(x)dx=f

′
(c)

∫

b

a

KR(x)dx,

=f
′
(c)

∫

b

a

b−a

n

(

−
1

2
−B̂1

(

n
x−a

b−a

)

)

dx,=−f
′
(c)

(b−a)
2

2n
,

whereKR=
b−a

n

(

−
1

2
−B̂1

(

n
x−a

b−a

)

)

isgraphedby

x0x1x2x3x4x5x6x7x8x9xn−1xn

where

∫

b

a

KR(x)dx=−n
1

2

(b−a)

n

(b−a)

n
=−

(b−a)
2

2n
.



∫

b

a

f(x)dxminusitsleftendpointsumequals−f
′
(c)

(b−a)
2

2n
.

If|f
′
(x)|≤L,

then

∣

∣

∣

∣

∫

b

a

f(x)dx−itsrightendpointsum

∣

∣

∣

∣≤L
(b−a)

2

2n
.

Iff
′
(x)>0,then

∫

b

a

f(x)dx<itsrightendpointsum,

whichisreallyjustanupperDarbouxsum.

Iff
′
(x)<0,then

∫

b

a

f(x)dx>itsrightendpointsum,

whichisreallyjustalowerDarbouxsum.



HowCloseisanIntegraltotheAreaofaSingleTrapezoid?

Recalltheleft-endpointandtheright-endpointerrorformulas:
∫

b

a

f(x)dx−f(a)(b−a)=

∫

b

a

f
′
(x)(b−x)dx,

∫

b

a

f(x)dx−f(b)(b−a)=

∫

b

a

f
′
(x)(a−x)dx.

Averagethem:
∫

b

a

f(x)dx−
f(b)+f(a)

2
(b−a)=

∫

b

a

f
′
(x)

(

a+b

2
−x

)

dx.

Thefactor

(

a+b

2
−x

)

changessign.

Thiswouldlimittheusefulnessof

theIntegralMean-ValueTheoremhere.

y
=

a+
b 2

−
x

a
b



Togetafactorwhichdoesn’tchangesign,integratebyparts:
∫

b

a

f(x)dx−
f(b)+f(a)

2
(b−a)=

∫

b

a

f
′
(x)

(

a+b

2
−x

)

dx

=−
1

2

∫

b

a

f
′
(x)
(

2x−(a+b)
)

dx

=−
1

2

∫

b

a

f
′
(x)
(

x
2

−(a+b)x+ab
)

′
dx

=−
1

2

∫

b

a

f
′
(x)
(

(x−a)(x−b)
)

′
dx

=−
1

2
f

′
(x)(x−a)(x−b)

∣

∣

∣

∣

b

a

+
1

2

∫

b

a

f
′′
(x)(x−a)(x−b)dx

=

∫

b

a

f
′′
(x)

(x−a)(x−b)

2
dx=f

′′
(c)

∫

b

a

(x−a)(x−b)

2
dx

y=
(x−a)(x−b)

2

ab



AnIntegralminustheAreaofaSingleTrapezoidisequalto

∫

b

a

f(x)dx−
f(b)+f(a)

2
(b−a)=

∫

b

a

f
′
(x)

(

a+b

2
−x

)

dx

=

∫

b

a

f
′′
(x)

(x−a)(x−b)

2
dx=f

′′
(c)

∫

b

a

(x−a)(x−b)

2
dx

y=
(x−a)(x−b)

2

ab

=−f
′′
(c)

(b−a)
3

12
.



∫

b

a

f(x)dx−
f(b)+f(a)

2
(b−a)=−f

′′
(c)

(b−a)
3

12
.

Iff
′′
(x)<0forallx,then

∫

b

a

f(x)dx>
f(b)+f(a)

2
(b−a).

y=f(x
)

ab

f(a)

f(b)

Iff
′′
(x)>0forallx,then

∫

b

a

f(x)dx<
f(b)+f(a)

2
(b−a).

y
=

f(x)

ab

f(a)

f(b)



HowcloseisanIntegraltoaTrapezoidSum?

Iftheinterval(a,b)isdividedevenlyby

a=x0<x1<x2<...<xn−1<xn=b,

thenwehave

∫

b

a

f(x)dxminustheTrapezoidSum

=
n∑

i=1

∫

xi

xi−1

f(x)dx−

n∑

i=1

f(xi)+f(xi−1)

2
(xi−xi−1)

=
n∑

i=1

[
∫

xi

xi−1

f(x)dx−
f(xi)+f(xi−1)

2
(xi−xi−1)

]

=
n∑

i=1

∫

xi

xi−1

f
′′
(x)

(x−xi−1)(x−xi)

2
dx



∫

b

a

f(x)dxminusitstrapezoidalsumequals

=
n∑

i=1

∫

xi

xi−1

f
′′
(x)

(x−xi−1)(x−xi)

2
dx=

∫

b

a

f
′′
(x)KT(x)dx,

=f
′′
(c)

∫

b

a

KT(x)dx=−f
′′
(c)

(b−a)
3

12n2
,

whereKT(x)equals
(x−xi−1)(x−xi)

2
oneachinterval(xi−1,xi),

x0x1x2x3x4x5x6x7x8x9xn−1xn

ab

whereKT(x)alsoequals
(b−a)

2

2n2

(

∥

∥

∥

∥n
x−a

b−a
+

1

2

∥

∥

∥

∥

2

−
1

4

)

,

andwhere

∫

b

a

KT(x)dx=−n
1

12
(xi−xi−1)

3
=−

n

12

(

b−a

n

)

3

.



ATrapezoidsumistheaverageofRightandLeftSums,

whichhavekernalsKL=
b−a

n

(

1

2
−B̂1

(

n
x−a

b−a

)

)

andKR=
b−a

n

(

−
1

2
−B̂1

(

n
x−a

b−a

)

)

.

Theaverageoftheseis−
b−a

n
B̂1

(

n
x−a

b−a

)

.

Since−

∫

b

a

f
′
(x)

b−a

n
B̂1

(

n
x−a

b−a

)

dx

equals

∫

b

a

f
′′
(x)

(b−a)
2

2n2

(

B̂2

(

n
x−a

b−a

)

−B2

)

dx,

theTrapezoidkernal,whichgoeswithf
′′
(x),isequalto

KT=
(b−a)

2

2n2

(

B̂2

(

n
x−a

b−a

)

−B2

)

.



∫

b

a

f(x)dxminusitstrapezoidalsumequals−f
′′
(c)

(b−a)
3

12n2.

Iff(x)islinear,i.e.

iff
′′
(x)=0,then

∫

b

a

f(x)dx=itstrapezoidalsum.

Iff
′′
(x)<0,then

∫

b

a

f(x)dx<itstrapezoidalsum.

Iff
′′
(x)>0,then

∫

b

a

f(x)dx>itstrapezoidalsum.

If|f
′′
(x)|≤L,

then

∣

∣

∣

∣

∫

b

a

f(x)dx−itstrapezoidalsum

∣

∣

∣

∣≤L
(b−a)

3

12n2.



∫

b

a

f(x)dxminusitsn-Trapezoidsumequals

∫

b

a

f
′′
(x)KTn(x)dx

wherethen-TrapezoidkernalKTn(x)isequalto

KTn(x)=
(b−a)

2

2n2

(

B̂2

(

n
x−a

b−a

)

−B2

)

.

∫

b

a

f(x)dxminusits2n-Trapezoidsumequals

∫

b

a

f
′′
(x)KT2n(x)dx

wherethe2n-TrapezoidkernalKT2n(x)isequalto

KT2n(x)=
(b−a)

2

2(2n)2

(

B̂2

(

2n
x−a

b−a

)

−B2

)

.



AmidpointsumMnisequalto2T2n−Tn.

2KT2n(x)=
(b−a)

2

4n2

(

B̂2

(

2n
x−a

b−a

)

−B2

)

−KTn(x)=−
(b−a)

2

2n2

(

B̂2

(

n
x−a

b−a

)

−B2

)

Ifwesubtractthese,2KT2n(x)−KTn(x)

wehavetheerrorkernalfortheMidpointmethodKMn:

KMn(x)=
(b−a)

2

2n2

(

B̂2

(

n
x−a

b−a
+

1

2

)

+
B2

2

)



Hereishowthatsubtractioncantakeplace:

(b−a)
2

4n2

(

B̂2

(

2n
x−a

b−a

)

−B2

)

−
(b−a)

2

2n2

(

B̂2

(

n
x−a

b−a

)

−B2

)

=
(b−a)

2

2n2

(

B̂2

(

n
x−a

b−a
+

1

2

)

+
B2

2

)

istrue,iff

(

B̂2

(

2n
x−a

b−a

)

−B2

)

−2

(

B̂2

(

n
x−a

b−a

)

−B2

)

=2

(

B̂2

(

n
x−a

b−a
+

1

2

)

+
B2

2

)

,

iff
(

B̂2(2u)−B2

)

−2
(

B̂2(u)−B2

)

=2

(

B̂2

(

u+
1

2

)

+
B2

2

)

,

fromtheduplicationformula:B̂2(2u)−2B̂2(u)=2B̂2

(

u+
1

2

)

.



∫

b

a

f(x)dxminusitsn-Midpointsumequals
∫

b

a

f
′′
(x)KMn(x)dx=f

′′
(c)

∫

b

a

KMn(x)dx=f
′′
(c)

(b−a)
3

24n2,

wherethen-MidpointkernalKMn(x)isequalto

(b−a)
2

2n2

(

B̂2

(

n
x−a

b−a
+

1

2

)

+
B2

2

)

=
(b−a)

2

2n2

∥

∥

∥

∥

∥

n
x−a

b−a

∥

∥

∥

∥

∥

2

.

andwhereitsintegral

∫

b

a

KMn(x)dxisequalto

∫

b

a

(b−a)
2

2n2

(

B̂2

(

n
x−a

b−a
+

1

2

)

+
B2

2

)

dx=(b−a)
(b−a)

2

2n2

B2

2
.


