4T2n _ Tn
3 .

A Simpson’s sum S, is equal to

If we subtract the corresponding error kernals,

Ky (z) = 879 <1§2 <2nw — "’) _ B2> V,V.V,V,V, V.9

2n2 b—a
Ky (2) = — (bz‘nj)z (Bz (n”" - Z) —Bz> YV

we have a function which would change sign, UAUUAUUAUUAU

and which could not be an error kernal, itself.

b 4K - K
However, the integral/ f"(x) Tz"(w)g 7,(2) dx

can be integrated by parts twice to get a suitable error integral,

b
/ fY(x)Ksg, (x) dx, which has Kg, (x) < 0.



A4K1 (x) — K7 (x
The subtracted kernals T )3 z,(2) equal

(b—a)?( . r—a T —a
2 - 3n? b—a b—a
The second antiderivative K, («) which = 0 at the endpoints
| (b —a)? 1B <2 :c—a) B(m—a>+33
equals — n — n — :
e s ani\a b —a \b—a) 4

0= (1032 im =l

72n4 4

_(b—a)* B( w—a>+2B< m—a+1>+33
- T2nd “\"b—a \"v—a 2 4



The 2n—Simpson kernal Kg, (x) equals

(b — a)? B, 2@ —I—ZB< T
72nt \ '\ b—a \"b

<”7;::’4(B4<Hn"’: )+ (=

(b—a,)4 r—a H T —a
— n

72n4 "b—a b—a
T Tg 7

(b~ a)’
K dr =
| Ks(@) do = 22

~ (b—a)y 1
~ 96nt |\ 30

—a 1
—a 2
r — a




b
The error integral / fY(x)Kg, (x) dx equals

(4) j ey (0 —a)
% (c) Ksz () de = —f ()288 ., S0 that

/ f (513) dx minus its 2n-Simpson sum equals — f*)(c)

(b—a)’
180(2n)4

If f(x) were a polynomial of degree three or less,

f(4)(ag) would equal to zero for all x,

and £ (c )(b a)’

180(2n )4
The Simpson sum would equal the integral exactly.

would vanish.




Starting with the Euler-MacLauren Summation Formula
for 0 < u < n,

For any integer n with n > 0 and any s > 0,

Sa0) = [ ot du+ 20 4 20

_ 2

i Z . g (n) — (j—l)(o))

] even
" Bi.i1(u)
(25+1) 25+1 d
—I_ /u:()g (U) (28 —|— ].)' v

Tr—a b— a
, wWhere * = a Uu.
b—a n

r—a
We shall also define f(x) to equal g(u) = g (nb )
—a

we shall replace u with n




Tr — a b— a
, where * = a +
b— a n

We shall replace u with n Uu.

This will yield du = dx within integrals.

b—a
Tr — a

b—a
When u equals 0, x equals a with g(0) = f(a).

Define f(x) to equal g(u) = g(fn,

When u equals n, x equals b with g(n) = f(b).

dg(u) df(x) df(z) da
 du  dx du

b"“>kf%Kw»

- f'(@)

Since g’(u) equals

by the chain rule,
we shall have g'® (u) = (




1=0 =0 2 2
2s -
Bj . . n BQS 1(’U,)
(gl V(n) —a¥ V(0 (2s+1) (o, * d
+j§_2 j!(g (n) —g¥™7(0)) + [ g )(23+1)' u
- u=0
7 even

becomes, under the above substitutions,

En:f(a e ) / f(2);—— da +M+@

1=0 2

R e




We now have the Euler-MacLauren Summation Formula
for a < x < b,

For any numbers a and b and any s > 0,

Zf( +00) = [ ) de s T )

2

S %(b;“Y 1(f<f' V(b) — F97(a))

= 7'

j even B ( 33_(1>
. 25 b 2s+1| 1
() L@ =90 da
n r=a

(25 4+ 1)!




Noting that b—a(i:f<a+b_ai> _@_@)

n n
1=0

which equals - (f(a) + Zf( - ) +Lb)>,

n

happens to be the n-Trapezoid sum, T;, for f on |a, b], we have

For any numbers a and b and any s > 0,

b
T, :/a f(z) do
£ 320 (1w - o)

= 7'

j even B ( L — a)
. 25+1 ;b 2s+1| N
| (b a> / F () PS4l g

n (2s 4+ 1)!




B T — a
b— q)\25tl b 2s+1| T —
The last term, < ) / £+ () b—a dx
n (25 4+ 1)!
can become, under an integration by parts,

. T — a
B n ) — B
_ 25+2 b 254-2 2542
<b a) / FE (z)d o
n a (2s + 2)!
. T — a
b 25+2 b Bas o (n > — Basyo
n a (2s 4+ 2)!
and occasionally under the integral mean value theorem,
T — a
2s+2 BZs—I—Z( ) — B2s—|—2
B _(b—a) - f(23+2)(c) /b b—a dr
- 9
n (2s + 2)!
_ (b — a)2s—|—3st—|—2f(23_|_2)(c).

(25 4 2)!In2s+2



b
Tn:/ f(x) dx
2as Bj b—a J 1 1
+ 3 () (00 - 190 @)
= I n

J even 2542 B n _ B
b—a 28-|-2< b Cl) 2542
_ ( > / f(28+2)(w) 251 2) dr

r —a

agrees, if s = 0, with our earlier trapezoid remainder

:/abf(m) dar
- <b;a>2/abf<2><w>éz<ni:z) "




r,= | 'f(@) do+ 22 (” . a)Q(f’(b) - (@)

2s b ) (._1)

+ Jj( —(F97I @) — FU ()
even j—4 ) - B
(b Z’S)Jrz b | st+2<n —a,) — 2S+2dw

T 2542

 p2st2 /af( @ (25 +2)!

By (b—a\?/ ,
Tcn=/bf(w) d + zf( ~2) (50) - F'@)
& Bj(b—a)’ iy (i—1)

+ X ey (T 1@)

even j)=

A r — a
b st+2 (C’nb — a> — BZS—|—2
(b — CL) f(28+2)(213) ' dr
B (cn)?st2 J, (2s 4+ 2)!




r, - | ' f(a) da + < (” . a)Q(f’(b) - (@)
& ?j (b—a)

(£9790) = F9 (@)

even 7=4 ‘7' n’
. r— a
b_ 252 Bsi2 (n ) — Basyo2
- b9 / Fer () b—a dx
n2s+2  J, (25 + 2)!

AT, = ¢ /b f(x) dx + 02]23!2 (bc_na>2(f’(b) — f(a))

2s ;
Bj Cz(b — (1,) : :
(G—1) _ £G-1)
X (FU0) = 1 @)
even 3=4
2542 » (an - a’) . BZs—|—2
b—a

dx
c?*$n2s+2  J, (2s 4+ 2)!




b
T, — T, = (c* — 1)/ f(x) de +0

£ 3 RG-S e -w)

even j=4 ']' ¢’
(b . a)2s+2 b f(28+2)(:13)
C past2 /a (25 + 2)!
1 r— a 1 A r— a
Tst+2 cn ——.Bast2—Bas2( 1 +Bss12 |dx,
c4s b—a c4s b—a
CZTcn _ Tn
Sen = 2 _ 1 Z/f(w)da:
2s 2 '
B c‘ — b—a
' 2 (o) (s - @)
even 1—a I} \C (c2—1) n

_ 2542 b £(2s5+2)
— (b—a)™ S (@) - ((same kernal))da:

(c? — 1)n?st2 J, (2s + 2)!




If s equals 1, and if ¢ equals 2, we have

AT, — T, [° (b—a)* [°fW(x)
Son = —/af(a:) dz — (4_1)n4fa 7
1B T —a 1B B r—a B |4
=) - ) o
b
Son = f(x) dx
(ba—a,)4 b (@) r — all* r — al®
~ o3 /af (x) SHnb—a —ZHn . dzx,
b b — 5
San =/ f(x) dw—f(4)(?)1(80(26:3)4'

This error formula for the Second Columns in Romberg Tables

agrees with the error formula for the Simpson Approximation.



Now we go back to more general values of s and c:

Sen = CZTcn — — /bf(m) dx
c? —1 a

By (¢ —c*) (b—a)?

4 ct(c?—1) nt

o B 0= (g oy

_gJle(e*—1) n

+ (£2) — £O(a))

_|_

even j
(b . a)23+2 b f(28+2)(:13)
(c? — 1)n?s+2 /a (25 + 2)! .

]_ A m I a ].
73234-2 cn — —Basyo
c>s b




We multiply by d* and replace each n by dn
d*c*T,.q4, — d*Ty, b
A Sy = —— o _ g / f(x) de
c:—1 a
By (¢ — ¢*) d4(b — a)?
4! c*(c?* — 1) d*n?
2s 1 ;
B; (=) ,(b—a)i, . |
_ d4 _ ( U=-D(p)— £U-1) a)
I i e e G CR AT

i (£2®) - f(a))

_|_

even j

(b . a)23+2d4 /b f(28+2)(w)

(2 — 1)d?s+2n25+2 J, (25 + 2)!
1 B J r— a 1 B
25 2s+2| C nb — 25 25+2

. T — a
—Bos o (dn b ) —|-st-|-2> dx

— a



Subtractmg, we get
d*S.qn — = (d' - 1)/ f(z) do + 0

o L= T Lo
R i [ At L

(C2 . 1)n28—|—2 (23 -+ 2)!
1 r—a !
d28_2CZSB28+2 Cdnb _a T d23_2628 25+2
~ ap D2t nb S T J2s—2" 2512
1 . r—a 1
— 78328—1—2 (Cn ) T TBZS_FZ
C —a ¢
a




d*s —
;Zn Sen  d*Tegn — d*Tyn — 2T,
— 1 — n - cn —I_ T b
dt — "=
( 1)(c* —1) N / flz) de

+ i B; (¢ — ) (d° b —
v g 41 € (€2 = 1)dj(d4—1))( naa) (f9D(b)—FT(a))

B (b _ a)23—|—2 /b f(23—|—2) (w)

(c2 —1)(d* — 25
g 1)n?s+2 J, (25 4 2)!
d23—2cszzs+2 (Cdna3 _ a) — 1
i b—a d23—2023328+2
_ B T —a
J2s—2 2512 (dn
o g + d2s— 2B2S+2
_ B ( —a 1
25 28—'—2 cn E—




If s equals 2, we have

cdn —

i d*—1
=/ f(x) dx
(b —a)®

(c2 — 1)(d* — 1)nS

d4Scdn — Scn . d4czTcdn — d4Tdn - C2Tcn ‘l_ Tn

(d*—1)(c? —1)

' O (@)
/a 6!

1 . r— a 1
A2t ? cdn —a) 2t °
1B< :c—a)_l_lB

—_— n —_
2\ "b—a/) @ "
1A< w—a)_l_lB
ct° b— a ct°




If s equals 2, we have
L d4Scdn — Scn . d4czTcdn — d4Tdn - C2Tcn + Tn
cn T g —1 (d* — 1)(c2 — 1)

=/abf(w) da

(b — a)b£©)(?7) b1 . r—a 1
— / BG cdn — BG
6!(c? —1)(d*—1)ns J, \d?*c* b—a d*c?

d? b— a d?
13( m—a>_|_1B
et 0 b— a e
R Tr — a
—|—B6<’I’L —B(;)dil?,
b—a



If s equals 2, we have
L d4Scdn — Scn . d4czTcdn — d4Tdn - C2Tcn + Tn
cn T g —1 (d* — 1)(c2 — 1)

= /abf(a:) do+ 0= a)"f(?) B (1 i) (1 _ i)

6!(c2 — 1)(d* — 1)ns\_ a2 ct
P b—a) fO(?); [(d>—1\/c*—1
- /a f@) det @~ 1y(di — 1)n6( 2 ) ( o )
(b—a)'(c®+ 1)
30240 c* d? (d?+ 1) nS

b
— / f(z) de + £O(2)

This is the error formula for the Third Columns in Romberg
Tables



A Summary of Romberg Method Remainders:

b (b — a,)3B2
T, = [ f@) dot = TEO()
CzTcn _ Tn
Scn —
c?—1
b (b — a,)5 B4 1
_ _ _ |\ £
= [ f@) de— =0T (1= 5 ) 1)
. d4Scdn — Scn
cdn — d* — 1

= /a,bf (#) de + (a —(f><_dj : 1)n6§!6 (1 - di) <1 - i>



L d4Scdn — Scn

cdn —

dt —1
o (b—a)’ Bg 1 1
= | 7@ do (2= 1)(d* — 1)nf 6! <1 - d_) <1 _E>
FO(?)
chen _ 66Izcden - ch

ef — 1
_ /abf(m) dar
- 1><c(zfZ = f>)<e6 - 1>n8]:!8 <1 - i) (1 - di> (1 - i)
ARG

If nede... must be equal to a fixed number of evaluation points,

choose n as a larger factor and c, d, e, .. as smaller factors.



