Consider two sequences:

oo
terms {a,} to be added, as in a sum Z an

n=1
n
and their partial sums {sn = Z ak},
k=1
where s; = aq,

S2 = a1 + aa,
S3 = a1 + a2 + as,

S4 = a1 + a2 + a3 + ay,

Sp = a1+ az +asz+ ---+ a,, etc.

We shall define the sum of the series Z a, to be lim s, = lim Z ag,

n— 00 Nn— 00
n=1 k=1

if this limit exists, as a finite number.



Example: A Geometric Series Z o ,for —1 < x < 1.

1 —x

We shall write (1—z)(1+x+...+z" 242" )
= 14+x+... 4" 4" !

—r—x® —... —x" 1 "

=1 —x"

'n/—]. n

. kE 2 n—l_l_w

as: S,_1 = x =14xx+x“+---+x =73 .
k=0 -z

Then, we take the limit as n approaches oo :

limsn:ka —14x+x*+... =

k=0




Example: A More General (Geometric Series
If -1 <b<1,

a-+ab+ab’*+ab’ +ab*+ab® +ab®+ .-+ ab” +--.
:Zabk
k=0
:aZbk
k=0

1
1—0b

a
1—0b

first term

1 — ratio




Another Example: A Telescoping Series

By letting n approach oo in the identity

n

Y (Fk) = f(k+1) =) f(k)—)> f(k+1)

B n n+1
=Y rk) = > F(k) =f(a)— f(n+1),
k=a k=a+1

we can have

A Telescoping Series

If lim f(n) =0,  then Y (f(k)— f(k+1))= f(a).

n—oo




o0 b
1 1
Similarly, Z = lim Z (— —
— n(n+1) b—oo £—~ \n
b
1
= lim —
. ( °. 1
= lim —
b— oo 1 k;
= lim (1 _—
b—o0 b

Warning! Do not oversimplify it like this:

n=1 n=1

= o0

Zn(n—l—l): Zﬁ_z

n=1

- OO

n

1
+1

0.



A Simple Theorem:

e @)
If the series E a,, converges,

n=1
then the sequence {a,,} approaches zero.

Proof:
o0
Let L equal Z a,.
n=1
n n—1
Then a,, equals Z ap — Z ay,
k=1 k=1

which approaches L — L = 0.

Warning!: The converse is not necessarily true!

It is possible to have {a,,} — 0, while Z a, diverges.

n=1



1
For Example, it is possible to have a sequence, like —, converge to zero,
n

.1
while its series : Z — diverges to oo.
nzln
2" 4
Consider the partial sum —:
1+1+<1+1>+<1+1+1+1>+1+ -I-l
1 2 3 4 5 6 7 8 9 2m
>1+1+(1+1)+<1+1+1+1)+1+ -I-1
1 2 4 4 8 8 8 16 2n
_1—|-1—|- 2—I- + . + + +2”—1
12 4 8 16 2m
—1-|-1-|- 1-|— + ! -|—1 + -I-l
12 2 2 2 2
1 n .
:I+§,whlchwould—>ooasn—>oo.



Alternating Series

If all a;, in a sequence are nonnegative, a; > 0,

if they are nonincreasing,
Qo 2 A1 2 G2 203 204 20Q5 2+ 2 An > 2o0ee

el - 9

and if they approach zero, lim a,, = 0,

n—0oo
®. @)
then the alternating series E (—1)"a,, converges:
n=0
ap— a1 +a2— A3+ Q4 — Q5+ QA — Q7+ ** T Qp F - .

( How fast the terms a,, approach zero makes no difference.)






The “zigs” so;, are nonincreasing with the “zags” as lower bounds.
They approach their greatest lower bound, lim s5.
The *““zags” ss1 11 are nondecreasing with “zigs” as lower bounds.

They approach their least upper bound, lim sof 1.

1 1 >

\J

\d

Both of these limits are crossed by each a,,,

which approach zero. These limits coincide as L = lim s,,.



If the a,, were positive and decreasing,
but not approaching zero,
then we would have lim so51 < lim s9

and > a,, would not converge:

oo

Z(—l)" ~» would be such an example.

n=1

(274 = 0)



Example:

© (—1)"+! 1 1 1 1
Z =1— -4+ - ——+4+ — — ... converges to In 2.
— n 2 3 4 5
1 =
0 _1 1
l< 2
I >
1 1
2 3 R §
1 Ié
4 0 .
T
12 T& R
a7
60

0.69317---=1n2



Some Special Inequalities: / SR

1 n+l11
-1 < / — dx <
n+1 n €T

1

oooooooooo

< Im(n4+1)—In(n) <

()
< In <

n

n+1

S|m3 | =S

n+ 1

A positive decreasing sequence which — 0:

2 1 3 1 4 1
1>m(2)>>>m (> >_>1n(_>>_...
1 2 2 3 3 4

An alternating series which converges:

L () i (5) +5m(G) ¢
B! 9~ 3 3 \3

S|

n+1

| =
S
S
_|_
ok



An alternating series which converges:

o (2) LD 1(3)+1 1<4>+1
_H<I)+2 "l2) T3 T M 3) Ty

A limit which converges:

e (e (2L <3)+1 1 < n >+1
el _H<I>+2 "l2) 73 "\no1) Tn
..._|_




A limit which converges:

= 0.5772156649015328606065120900824024310422...
This is called the Euler Constant, ~.
After about 270 years,

we still haven’t been able to prove

whether ~ is rational (unlikely), or irrational (likely).



Here are some uses for the Euler Constant, ~.

e 1 1
/ ( ——)e_a’ dx
0 1 —e™ 7 €T
1 1
/ —( —e_w> dx
o x\l1+x
/ e "Inx dx
0

/ e lnz dr
0

d o0

e tt*1 dt
dx t=0

——('y + 21In 2)

—~, at * = 1.



For a while, we shall concentrate on sums of nonnegative terms.

Consider now any nonnegative and nonincreasing function f(x).

Recall that any nondecreasing function either approaches a finite limit

or diverges to oo, so that

Every nonnegative function f satisfies / f(t) dt = L, for some L < oo,
t=a

or f(t) dt diverges to infinity: f(t) dt = oc.

t=a t—=a

We have a similar dichotomy for positive series:

Every nonnegative function f satisfies Z f(k) = M, for some M < oo,
k=a

or Z f (k) diverges to infinity: Z f(k) = oo.
k=a k=a




f(a)

fla+1)

fla+2)

f(n)

J

n+1

=a

@) de <> F(K)



f(a)

fla+1)

fa+2)

f(n—1)

f(n)

St <[ ) de




Since every nonnegative, nonincreasing function f(x) satisfies

n

/:Hf(w) dw < ijf(k) < /k f(z) de

=a =a—1

© @)

then Z f (k) converges iff f(x) dx converges,
k=a k=a

and Z f (k) diverges iff f(x) dx diverges.
k=a k=a



All of the following comparison tests,
which are already known for infinite integrals
of nonincreasing nonnegative functions,

apply also to infinite series of nonincreasing nonnegative terms

We will usually know more about convergence of f(x) dx
k=a

than about the convergence of Z f(k).
k=a

These tests can often help fill in

what we need to know about series convergence.
Textbooks usually call this connection the “Integral Test” for series.

The following examples follow from the Inequality Comparison Tests:



1 1 o0 1 > 1
Since < — dr < / — dx < oo
rt+ 13 — xt’ /1 xt 4+ 13 T ’
>0 1
nt 4+ 13’

/ T d dsod Z
I converges., and SO does
;. xt4+13 555

1
since is a decreasing function.

xt + 13

1 1
Since dr < / — dx < o0
Vvt + 13 / \/51:4 13 . x? ’

1

vntf 113’

dx converges, and so does g

/1 \/:134—|—13

1
since is a decreasing function.

vVt 413




] 1 1 © 1 1
Since > —, / dx 2/ — dxr = oo,
€T 15 € — 13 15 &

< 1 . > 1
/ dx diverges, and so does Z .
15 € — 13 = — 13

1

x—13

since is a decreasing function.

. 1
Since

wm—f /\/a:——ld"” /

—dac = o0,

dx diverges, and so does

1
/15 v —13 ;\/n—li%’

1
since is a decreasing function.

ve—13

. 1 1 > 1
Since —— > — for ©x > 2, / —— dx and Z —— both diverge.
Inx x o Inx Inn




Limit Comparison Test for Positive Functions:

x
If0 < f(x),if 0 < g(x) and if lim % < M < oo,
r—oo g(x
for ultimately decreasing, or nonincreasing f and g,
Then f(x)dx and Z f(n) both converge if / g(x) dx converges,

and / g(x)dx and Z g(n) both diverge if / f(x) dx diverges.

=c

Proof: Inequality comparison test with f(x) < (M + €)g(x) for large x.

Limit Comparison Test for Positive Functions:
x
If0 < f(x), if 0 < g(x) and if lim % > M > 0,
r—0o0 g
for ultimately decreasing, or nonincreasing, f and g

Then / f(x) dx and Z f(n) both diverge if / g(x) dx diverges,

=c

and / g(x) dx and Z g(n) both converge if / f(x) dx converges.

=C




If0 < f(x), 0 < g(x), and if lim M =1,

z—oo g(x)
then we shall say that f and g are asymptotic as * — oo

and we shall write f(x) ~ g(x).

: L 2 2 2 2
Examples: x ~ x + 1, since 2 »1, =z~ (x+1)°, x=z*~zx“+1
x

The Limit Comparison Tests above combine to yield another

Limit Comparison Test for Positive Functions:
If0 < f(x),if 0 < g(x)

if f and g are ultimately decreasing, or nonincreasing,
and if f(z) ~ g(x),
then / f(x)dx and Z f(n) both converge if / g(x) dx converges,

=C

o

and / f(x)dx and Z f(n) both diverge if/ g(x) dx diverges.

=cC




] 1 1 ] 1
Since and since / — dx < oo,
1

4 +13 x?
/ R d d so d i !
x converges, and so does :
p xt£13 5 — nt+13
: r : :
since is a decreasing function.
xt +
Si . ", andsi / i
ince ~ — and since — dx < 0o
VzrE13 a2 ,  x? ’
oo oo
/ ! d d so does Z -
x converges, an
1 VzPE13 5 —~ /n* £ 13’
: 1 : : :
since is a decreasing function.

vri+13



1 1 1
Since ~ —, and since / — dxr = oo,
x+13 x 15 T

> 1 . > 1
/ dx diverges, and so does Z .
15 L :l: 13 15 n :l: 13
S 1 1 d s > 1 p
ince ~ — and since — dx = o©
\V L + 13 \/5’ 15 \/5 ’
> 1

o© 1
/15 \/%ZI:]_3

dx diverges, and so does Z .
— vn £t 13

1
. In x L > — 1 :
Since = —— — 00O, —— dx and Z —— both diverge.
1 Inx o Inx 5 Inn
T



> x
To tell whether / — dax converges,
1

333

€T 1
Compare — with —, which lies between — and — = 1.

3% 27 3% 1z

T
@ =
Since lim < = lim = 0, and since P dr < oo,
1

2 2

x ~n
then / — dx and Z — both converge.
., 3= - 3n

1
z—n
(N
31n a, — 0
3~" < 2n > a, < oo (Converges)
B 1
0 \ 3"




xTr

To tell whether / — dx converges,
1

xIr
T

compare — with 2%, which lies between 3* and 1* = 1.

€T
3@ 3\”
()
Since lim = = lim
r—o0 2T rT—o0

o0
— oo, and since / 2% dxr = oo,
1

then / — dx and — both diverge.
1 L

x

51?,

)

3"n

a, ~ 0
3" { 3n Y a, = oo (Diverges)
31?,

[ N

2n



*Inx
To tell whether / —— dx converges,

1 x?
Inx | 1 L 1 1
compare ——- with —, which lies between — and —
T T2 x T
Inx

Inx °
Since lim £~ — lim —— = 0, and since / — dx < 0o,
1

z—oo 1 T— 00 \/5 5 @2
3
© lnx . lnn
then / — dx and Z — both converge.
15 L 15 N
(l a, — 0
........................ n Z an = 0 (Diverges)
. 1 I
4 A ST R D PP ST U S
z n3/2 Inn z
n?2 on y 5 5
3.0 ..................... REEREE X 1 ............................. } 1 .............. g o) aifn','lb < 1(C01’lzverges)
\ N2 | )
"
| n?(Inn)



dx converges,

To tell whether

> 1
/1 vVzlnz
1

1 1
compare with —, which lies between — and —.
vVzlnz T3 T3 !
1
1
aTe > 1
Since lim Vrlnz = lim — o0, and since / — dx = oo,
z—oo 1 z—oo |n ¢ 15 I3
T3
o0 1 > 1
then dx and Z both diverge.
15 vVelnx —~ vnlnn
(Inn
Vi
E ' f@) -0
) r) —
\/15 \/ﬁl | f(x)dx = oo (Diverges)
9
n2/3 Lvnlnn

| =

\n



A Master Benchmark Example:

The convergence or divergence of

o0 Caj
dx
/ar::eee za(In a:)b( In (In w))c( In (ln (In q;)))d<ln (ln (ln (In w))))f

is determined by the first of C, a, b, c, d, f to differ from 1.

Otherwise, it diverges.

Another Master Benchmark Example:
The convergence or divergence of

o [eeﬂ na(In n)b( In (In ’I’L))C< In (ln (In n))) (ln (ln (ln (In n))))

is determined by the first of C, a, b, c, d, f to differ from 1.

Otherwise, it diverges.




