A Partial Fraction Series for the Cotangent Function
and An Infinite Product for the Sine Function

Consider the convergent series
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To justify the series differentiation above, check the pattern
g(u) = g(x) + g(@)(u—=x)+o(u—wx):
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(Now, separate out the terms where K = L.)
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(Now separate the rest of the terms into partial fractions.)
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We have, after cancellation,
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It will now be shown that the part depending on x equals O.
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Next, consider the remaining part, where aM < K < M.

M+K 4 2M 4
For such K — < — << In(2M + 1
? Z L — Z L < n( T )
L=M—-K+1 L=1
> (3 1) e iom)
Keamt \p—nr—x41 L Kr?(x? — K*m?)
In(2M +1) & 4
< aM 72 Z (22 — K271'2)’
K=1

€
which can also be made smaller than >’ if M 1is large enough,

M aM M e e
Z < Z + Z <-+=-=e¢€
ko1 k=1 Keam 2 2

Since this can happen with any € > 0, we have ]\}im = 0.
— 00



We are now left with
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which converges to a negative constant, say —C?.
Why?

Because the left side is finite for * # nm,
the right side converges for these x’s.
Because the right side has no x’s, it must be a constant.
Because of the minus sign, it cannot be positive.
If —C? were equal to 0, we would have f?(x) — f'(x) = 0.
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For any of these values of D, this would yield
f(z) = —Ctan (C(x — D)) = tan (D — x) = cot x.
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On the entire interval 0 < & < 7, in particular,
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This is a series of positive terms which converges absolutely.
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For the Bernoulli numbers the corresponding inequalities are
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Now we shall consider the function g(x,t) = Z
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A Generating Function for Bernoulli Polynomials
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We can return to the cothangent and the cotangent from here.
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