THE DISTRIBUTION OF k-FREE NUMBERS

R.C. BAKER (PROVO) AND K. POWELL (PROVO)

ABSTRACT. Let k € {3,4,5}. Let
x
Ri(z) = 1——F.
2 ¢(k)

n<x
n is k-free

We give new upper bounds for Ry (z) conditional on the Riemann hypothesis,
improving work of S.'W. Graham and J. Pintz. The method stays close to
that devised by H.L. Montgomery and R.C. Vaughan, with the improvement
depending on exponential sum results.

1. INTRODUCTION

Let k£ > 2. A positive integer n is said to be k-free if n is not divisible by the
k-th power of a prime. Let

Ri@)= Y 1--—.
ot ¢(k)
n is k-free
An elementary argument yields
Ri(z) < z'/*.

In the opposite direction,
Ryi(z) = Q(a/?F),
(See [5] or [15]).
Assuming the Riemann hypothesis (RH), Montgomery and Vaughan [14] ob-
tained

(1.1) Ry(z) < gt/ (k+h+e,

Here € is an arbitrarily small positive number. The exponent in (1.1) has been
improved for every value of k. For k > 3, see Graham and Pintz [9]. For k = 2, there
have been papers by Graham [7], Baker and Pintz [4] and Jia [13]; the exponent in
[13] is 17/54 + €.

No-one has yet been able to improve the approximation in Theorem 1 of [14]
under RH: for N > 1,

(1.2) Ri(x) == Y pn)p(an™%) + O(a!/PHNU=P/2 4 N1/2+e),
n<N

Here ¢(w) = w — [w] — 1/2. Once (1.2) is applied, exponential sums dominate the
discussion.

Jia’s paper, which appeared after [9], contains an estimate for exponential sums
which has found several applications. Abstractions of the estimate are given by Wu
[18]. The exponential sum estimate devised by Heath-Brown [12] is crucial in [4,
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9, 13]; it is abstracted in Baker [1]. In the present paper we combine these results
with theorems from Robert and Sargos [16] and Baker [2]. The former paper is a
natural culmination of the work of Fouvry and Iwaniec [6]; the starting point is the
double large sieve. The latter paper is related to earlier work of Baker and Kolesnik
[3]. Actually, we shall adapt the results from [2, 18] a little.

Theorem. Assume RH. We have
Ri(z) < 2%F¢ (k=3, 4, 5)

where

17 17
03 = =7 = 0.2297... 65 = - = 0.1808..., 05 = 0.15.

For comparison, 6, replaces 7/(6k + 8) in [9], and we have

7 7 7
— =0.2333..., - =0.1842..., — =0.1521....
30 " 38 " 46

In contrast with [14, 7, 4, 9, 13], we apply Heath-Brown’s “generalized Vaughan
identity” [12], or more precisely, the variant provided in [2]. We add a new result on
the application of this decomposition (the case § < a < + of Lemma 3(iii) below)
which may be of independent interest.

We close this section with a few remarks on notation. Implied constants depend
at most on k and €, except in section 3 where they may depend on u, v, «, 3, v, k
and A\. We write “A =< B” if A < B < A. We write “n ~ N” for N <n < 2N. As
usual, e(z) = e*™#. The cardinality of a finite set E is written |E]|.

2. DECOMPOSTITION OF SUMS INVOLVING THE MOBIUS FUNCTION

Let 2 < D < D’ <2D and let f be a complex function on [D, D’]. The sum

S ) f(n)

D<n<D’

can be decomposed into O((logD)?~1) sums of the form

(2.1) Z w(ng).w(ngi—1) f(ng..ng—1).

D<ny..ng—1<D’

Here N; > 1, [[75," Ni < D and
(2.2) 2N; < (2D)YVif i > 1.

See [2, Section 2].

To apply the decomposition, we need results of the following kind. The numbers
a; (1 <7 <7r)in Lemma 1 arise as exponents for which NV; < D®. (To be precise,
let r =20 —1, Ny = 2271 N;...Ny;_; and define o; by

ON; = N& for 1 <i <2l —1.)

Lemma 1. Let 0 < a; < ..<ay, a1 +..+a, =1. For S C{1,...,r}, we write
Ts =D icg Qi

(i) Let h be an integer, h > 3. Suppose that o, < h%tl Then some o € [%, hf_l],

(ii) Let X > 2. Suppose that o, < X. Then some o5 € [1 — X, ]
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Proof. See [2, Lemma 1].
The following lemma and Lemma 3(iii) are based on a result in Heath Brown
[2], which it strengthens in the case ¢ < a < &.

Lemma 2. Make the hypotheses of Lemma 1.
(i) Let + < a < %. Suppose that o, < 5% Then some o € [a,2a).

(ii) Let 0 < a < . Suppose that o, < 15%. Then some o, € [a, 5].

Proof. (i) We have h%_l <a< % for some natural number h, which must be 3 or 4.
Now

< 1—-a < 2 < 2
a, < - < —.
2 57 h+1
By Lemma 1(i), some o, € [}, %_H] C [a,2a].
(i) Suppose that no o € [a, §]. Let
1 1
T:{j:ozjgg—a} , Uz{j:g—a<ocj<a}

(U is empty if a < %), and

. 1
V:{y:aj>§}.

Thus

(2.3) or +oy +oy =1

Clearly

(2.4) Vi<2 , oy < |V|(1ga> <1-a.

Suppose for a moment that U is nonempty. Then for any j € U,
(2.5) or + o5 < a.
To see this suppose the contrary, and take the smallest oy > a — o; with W C T'.
Then

ow — a < a—

for any k € W. Hence a < ow + o5 < a+ oy < %, contrary to our hypothesis. A
similar argument gives o < a if U is empty, and it follows that
(2.6) or + oy < a+ max(0,|U] — 1)a = max(1,|U])a.

Suppose for a moment that |U| > 2. Take a;, o; in U, ¢ # j. Then

2
ai+aj>§—2a>a.

Consequently, a; + o > % This yields
uir _ U]

2.7 If |U| > 2, th > —- =
(27) U122, then oy > 1012 = [
In particular, |U| < 5.

We now consider all possibilities for |U|.

Suppose |U| =0 or 1. From (2.6),

or +oy <a,

and from (2.4),
or+oy+oy <1,
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which is absurd.
Suppose |U| =2 or 3. Then oy > § from (2.7), and so oy < 2 and |V| <1,
1-a

oy = 9 .

In conjunction with (2.6), this yields

1—
0T+UU+UV<3G+TCLS1,

which is absurd.
Suppose finally that |[U| = 4 or 5. From (2.6) and (2.7),

2
§<O'T-i-0'(]<5a§17

so that oy € (0, §). This is absurd and the lemma is proved.

Lemma 3. Let f be a complex function on (D, D'] where 2 < D < D' < 2D.
(i) Suppose that

(2.8) > > ambnf(mn) < B

m~M n~N
D<mn<D’

whenever |am,| <1, |b,] <1 and
DYh « N « D2/(h+D)
where h is a natural number, h > 3. Suppose further that

(2.9) Z am Z f(mn) < B

m~M n~N
D<mn<D’

whenever |a,| <1 and
N> D2/(h+1).
Then

(2.10) > u(d)f(d) < BD".

D<d<D’
(ii) Let X > 2. Suppose that (2.8) holds whenever |a,,| <1, |b,| <1 and
D' <« N < D2,
while (2.9) holds whenever |am| <1 and
N> D
Then (2.10) holds.

(iii)LetO<a§%. Let b = 2a ifa>%andb:%ifa§

holds whenever |am,| <1, |b,| <1 and

D* < N < D,
while (2.9) holds whenever |a,| < 1 and

N > DU-o/2,

L. Suppose that (2.8)

Then (2.10) holds.
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Proof. We prove (iii); the other proofs are similar. Take [ = 4 in the decomposition
into sums (2.1). We may suppose that D is large. Given one of the sums (2.1), let
Ny and aq, ..., a1 have the values assigned before Lemma 1. We claim that the
sum (2.1) is O(BN¢/?). If we can group the variables as

=T - =TI
ieS igS

with g € [a,b], then from (2.8) the sum in (2.1) is O(BN</?), since the corre-
sponding coefficients a,,, b, are O(N5/2). If this grouping is not possible, then by
Lemma 2 there is an o; 5

m = H’I’Lz s =n;.

Note that j < [ from (2.2). Tt follows from (2.9) that the sum in (2.1) is O(BN</?).
Now (iii) follows at once.

3. LEMMAS ON EXPONENTIAL SUMS
We quote two preliminary lemmas from Graham and Kolesnik [8].

Lemma 4. (Kusmin-Landau) If the real function f is continuously differentiable,
and f' is monotonic with

0<ALZ|f] <

[N

on the interval I, then

Ze(f(n)) <A h

nel
Proof. See [8], Theorem 2.1.

Lemma 5. Let N )
H)y=> AH"+Y B;H™"
i=1 j=1

where A;, Bj, a; and b; are positive. Let 0 < Hy < Hy. Then there is some
H e (Hl,HQ] with

<<ZZ JB a, 1/(a1+b)+ZAHa1+ZB Hg_b.
i=1 j=1 =1 j=1

Proof. This follows at once from [8], Lemma 2.4.
In the remainder of this section, we write L = log(D + 2). Our first lemma is a
variant of [2, Theorem 5].

Lemma 6. Let (k,\) be an exponent pair. Let o, B be real constants, 8 # 0, § < 1,
a < 0. Suppose that

(3.1) X>0,- <N<<MMN D,D < D' <2D.
Let

(32) = 3 on S (G )

m~ M n~N
D<mn<D’
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where |a,| <1, |b,| < 1. Then

(33) Sl <<L7/4(DN1/2+DM1/4+D5/4X1/4N3/4+D5/4X1/4M3/8
+(D11+1O/<X1+2/1N2()\7n))1/(14+12/~c) + (D5+4I£N)\n)1/(6+4n)>.

Proof. In [2], proof of Theorem 5, it is shown that

D4 X 3\ 1/2+kK
(3.4) LTSt < o + D3<( g > N F 4 N+ D2X‘1Q_3>

for any natural number Q < min(c¢N, M~/ 2). Here and in the remainder of the
paper, ¢ is a small positive constant. With a little thought we see that (3.4) is true
for any real Q with 0 < Q < min(c2N, cM~1/?). Now Lemma 5 yields

L7784 « DIN“2 4 DIM~ 4 (D4)BH6)/(T+68) ([)5/2=k X1/ 24k N A=rY4/(T+6x)
(DX 1) (BH6R)/(9+6%) ( [)5/2=k X1/ 24K A= 6/(9+6)
+DPX M2 4 DPXTINTE,
After some simplification, we obtain (3.3).

Our next lemma improves (2.2) of [18, Theorem 2J; the term (X ~' M4 N23)1/22
has been dropped.

Lemma 7. Let a, B be real constants, af(a — 1)(3 — 1) # 0. Suppose that (3.1)
holds and |a,,| <1, |b,| < 1. The sum Sy in (3.2) satisfies
(3.5)

Sl < L3 ((XM3N4)1/5+(X4M10N11)1/16+(XM7N10)1/11+MN1/2+X_1/2MN>.

Proof. Define Sy in the same way as S; but without the condition D < mn < D’.
It suffices to prove (3.5) with S;, L? replaced by Sy, L?, as explained in Harman
[10, pp. 49-50].

If X < M, the double large sieve [6, Theorem 2] yields

So K L<(XMN)1/2+MN1/2 +X1/2MN>

which is satisfactory since (XMN)'/2 < MN/2,

Suppose now that X > M. We follow the proof of [18, Theorem 2] to save space.
Obviously we may assume that N > L2, since Sy < MN < MN'/2L3/2 otherwise.
The first step (a Weyl shift) gives

MN)?
(3.6) 52 < % + LM®*2NQ™YS(Q,)|
N

where @ € [L, 7] is a parameter at our disposal, and 1 < Q; < Q. Here

S(@Q1) = Z Z bn+q16n Z m_l/ze(Amat(n,q1)>,

q1~Q1 n4q1,n~N m~M

X

= MNP tn,q1) = (n+q)® —n”.
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Suppose initially that
(3.7) X(MN)'Q > c.
The next step (a B process) yields

(3.8) L7'S(Q1) < (XMINT'Q)25*(Q)
+(XM—1N—1Q:15)1/2 4 M—l/QNQl 4 (X_lMNQ1)1/2 + (X_QMN4)1/2.

Here

S Q) => 1> bn+qle<9m —I—d(At)”ll_‘Y)‘,

n~N ' q1~Q1
0 is a real constant, [ < X(MN)™'Qy, v = 12 and & = |1 — o/ 1=,
For the next step, suppose for the moment that @, > L. A Weyl shift yields

(3.9) SUQ1)’ < (NQ1)*Q3 ' + N@1Qy' > [Sa(ge)

1<q2<Q2

where ()2 is chosen below, Q2 < ¢/@Q1, and

52((]2) = Z Z Bn+q1 bn+q1+q2€ (tl (’I’L, q1, QQ))

n~N q1+qz2,q1~Q1
with
t1(n,q1,q2) = AAT TV (H(n, @1 + q2)7 — t(n, q1)7).
Note that Wu uses the incorrect expression Sa(q1, ¢2) in place of Sz(ga).
The final step in [18], another Weyl shift, yields

(3.10) (SQ(%)) <(NQUPQ*+NQQz* Y > IS5(a1a2,43))

L
1<q3<Q2Z 1~Q1
with

Salan ) = 3 e 1)

n'~N
for an f (depending on the ¢;) with

f'(n) < XN72Q 7 'qaqs (' ~ N).

‘We choose
Q2 = cmin(Qy/%, (X TIN2Qp)V/?),
so that )
If'(n)] < 3 for n’ ~ N
and

Sa(q1, 2, q3) < (XN7?Q; ' q2q3) ™"
(Lemma 4). From (3.10),

2
(52(q2)> < (NQ*Q3% + NQIQ2(XN2Q ' a) ™ Y a3,

L
1<¢3<Q3

L7%8(g2)* < N?QIQy” + XTIN°Q1Q3%q;
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Now (3.9) yields
L73/25*(Q1)2 < N2Q%Q2_1+NQ1Q2_1 Z (NQ1Q2_1+X71/2N3/2Q:13/2Q2_1(12_1/2)
32<Q2
< N?QIQy" + N*PQYPQy X
< N?QY? + NPQYPXYP 4 NPT X,
where we used the value of (J5 in the last step.
Recalling (3.8),

(3.11) L7745(Q1) <
(XM’IN’lQl)l/z(NQi’M Jr]\/-2/362?/6)(1/6 + N5/4QI/8X—1/4)
+X1/2M—1/2N—1/2Q213/2 + ]\/[—1/2]\,621 +X—1/2M1/2N1/2Q}/2 + X 1MY2 N2
< X1/2M—1/2N1/2Q?/4+X2/3M—1/2N1/6Q411/3+X1/4M—1/2N3/4Q11/8+X—1M1/2N2.

We were able to discard three of the first last four terms in the first bound in
(3.11):

XA VRN TIRQI? « X2 RNY2Q since Q) < N
M7Y2NQ, < XV2M-Y2NY2Q*  since XV/2N'/2 > N;

XYV2MVRNI2QYE < XV NVENY2Q0/ since M < X.
Recalling (3.6),

MN)?
L—7/4Sg < ( 0 ) —|—LM3/2NQ*1 (X1/2M1/2N1/2Qi>/4_|_

X2/3M71/2N1/6Q‘11/3 +Xl/4wa1/2]\73/4Q}1/8 +X1M1/2N2>

Thus,

(3.12) L7482 <
(MN)? 3/2v1/21/4 7/6 v2/3,1/3 7/4 v1/43/8
L + LMN32XY2QV4 L LMNT/6X2/3Q13 4+ LMNT/AXAQ3/8,

Q

Here we used
LM3PNQ Y (X 'M'Y2N?) = LM?N3X'Q' < LMN3Q~' <« LM?N?Q'.
The inequality (3.12) remains valid if ()1 < L. For then (3.6) yields trivially

(MN)?

Sp < + L?M*N?Q ' < L*(MN)?Q ™.

Suppose now that X (MN)~'Q < c¢. We remove m~/? from S(Q,) by partial
summation and apply Lemma 4, since

% <Amat(n,q1)> < % (m ~ M)

for all relevant n, ¢;. Now (3.6) yields
(MN)?  MN

Q Q Z

S2 <
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(MN)?

L(MN)?2
< 5 + LM?N?Q "X <« L(MN)”

Q
since M < X. Thus (3.12) always holds, and indeed remains valid for @ € (0, L].
An application of Lemma 4 with H; =0, Hy = % yields
L_11/453 < MQN + (MN3/2X1/2)4/5(M2N2>1/5 + (MN7/6X2/3)3/4(M2N2)1/4
+(MN7/4X1/4)8/11(M2N2)3/11.
This gives the required variant of (3.5) for Sy and completes the proof.
Lemma 8. Let «, 3, v be real constants with « < 1, afy # 0. Let (k,\) be an
exponent pair. Let M, My, My be real numbers > % and X > M1Ms. Let
XmemPm]
$= % T 5 abmome( e )
) o B

m~ M my~My mo~Mo M Ml M;

D<mm <D’
where |an| <1, [y ms| < 1. Then
M7(1+l<;7)\)/(2+2/<;) )
M,y Mo J

Proof. By a similar remark to that at the beginning of the last proof, this follows
from [1, Theorem 2].

Lemma 9. Let «, 3, v be real constants with a(a — 1)y # 0. Let H, M, N be
real numbers > %, let X >0 and

X\ /@F2R)
Sy < MM, M (log 12M M, Ma)?{(My Ma) /24 (>

N> XmhBnY
5= 3 3 mx| 3. o S
h~H m~M n=N1

where the maximum is taken over 1 < N; < Ny < N. Then

S < (HNM) e X 1/4+L+i
< HMN? N2z tTx)

Proof. See [16, Theorem 3].

4. PROOF OF THEOREM

Throughout this section, k € {3,4,5}. We write

e = (17200 /(=1

so that (1.2) yields
Ri(x) = = Y pln)y(en™") + O(a"*).
n<yk

Accordingly it suffices to prove that

(4.1) S nln)b(en ") < it/
n~D

for

(4.2) 2% < D < g1=200)/(k=1),

((4.1) is trivial for smaller D.)
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Let H > 1. Vaaler [17] (see also [8, Appendix]) gave the approximation
v 3 anelhu)| < Blw),
0<|h|<H
where B(w) = 3, <z bre(hw) is non-negative; the ay, by are given explicitly and

satisfy

1 1
4.3 — b —.
(4.3) w<3 < g
It follows that
Z p(n)yp Z anp Z hxn Z by, Z (han~ k).
n~D 0<|h|<H n~D |h|<H n~D
We select H = [Dz~%]. The contribution to the right-hand side from h = 0 is

< DH™' <« 2%

from (4.3). Accordingly, after a splitting-up argument, we need to show that
(4.4) Z ch Z e(han™") <« Kafx+2¢/3

h~K  n~D
whenever (4.2) holds, |cp| <1 and

1
(4.5) S SK< D%

for our proof will show that (4.4) remains valid with 1 in place of u(n).
In the rest of this section, we write

SID,E,N)=> cn Y am Y e (mnk)

h~K m~M n~N
mn~D

Su(D,E,N)=>" Y am Y by ( )

h~K m~M n~N
mn~D

where ¢, @, b, are unspecified numbers of absolute value < 1, and D, K are
assumed to satisfy (4.2), (4.5).

Lemma 10. (i) Suppose that

(4.6) S11(D,K,N) < Kz¥+e/3
whenever
(4.7) D%~ <« N < D'2.

Then (4.4) holds.
(1) Suppose that

(4.8) K < o®0x=1pk=7/2,

Then (4.4) holds.
(#ii) Suppose that

(4.9) KDk < g100k=1
Then (4.4) holds.
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Proof. (i) Since 0y > 5/(6k + 4), we deduce from (4.2) that
(4.10) D%z~ < pY/3=e,
We can thus apply Lemma 3(ii) with the choice
D)= 22D~ | DA = D2y
Our hypothesis gives (4.6) for the range
D'"* <« N < D'/2.
We claim that

(4.11) Si(D,K,N) < Kgfr+e/3
for
(4.12) N > g 740 p3=k,

This is a consequence of Lemma 9; we must show that
1/4
o —1/2 —ky—1 )

The first term on the left gives rise to the condition (4.12). The second term
produces the condition

(4.13) N > D?g~ %0,
Moreover, (4.2) gives
D2I720k < mlfﬁlokDBfk
so that (4.13) follows from (4.12). Finally, it is easy to see that
:ClelJrk < lﬁk’

so that the third term gives no difficulty, proving our claim.

Now

D) > 140 p3k,
or equivalently,
DAk < 60k—1

For k = 3, this follows from 65 > 3/14. For k = 4, we use 64 > 1/6, and for k = 5,
we require D > x'/10 which is a consequence of (4.2). We conclude that (4.11)
holds for N > D*, and (i) follows at once.

(ii) We apply Lemma 7 to show that (4.6) holds in the range (4.7) under the
hypothesis (4.8). Treating the variable h trivially, this reduces to verifying that

(KIkaMSNll)l/S 4 (Kl,kaMIONll)l/lG 4 (KZ,ka)M'?NlO)l/ll
+MNY? 4+ (KeD7*)712D « 2.
The term M N'/? gives rise to the lower bound for N in (4.7). Next,
(Kfok)fl/ZD < DF/2H14=1/2 o .0k

follows from (4.2), because
Or > 3/(4k +2).
The condition
(KzD FMPN*)Y5 « g%
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may be rewritten
(4.14) KN < g°%~1pk=3,
In this form, it follows from (4.8) for N < D'/2,

The condition
(KxD_leoNll)l/lﬁ < xek
may be rewritten
KN < "E160k71Dk710.
Now
2P0 —1 k=3 _ 1160, —1 Hk—10
from (4.2), because
O > 7/(11k + 3).
Finally, the condition
(KZCD_kM7N10)1/11 < J;gk
may be rewritten
K1/3N < x(llek—l)/3D(k—7)/3'
To show that this follows from (4.14), it suffices to verify that
2501 ph=3 < (110,=1)/3 p(k=T)/3
and this in turn follows from (4.2). This completes the proof of (ii).
(iii) Similarly, on applying Lemma 6 with K = A = 1/2, we must show that (4.7)
and (4.9) together imply

DN_1/2+DM_1/4+D5/4(K.'I]D_k)_1/4N_3/4
+D5/4(K$D_k)_1/4M_3/8 +D4/5(K$D_k)1/10 +D7/8 <<.T9k.
To begin with, we observe that (4.9) implies

(4.15) D < g(100x=1)/(8=k)
Thus

D7/8 & p(T00=7)/(64-8k) _ 0
because
(4.16) 0 < 7/(6+ 8k).

Since M > D'/2 it follows also that
DM~V < 2%,
As before, the term DN ~'/2 gives rise to the lower bound on N in (4.7). Next,
D4/5(KxD_k)1/10 _ (KDS—k)l/loxl/IO < g
from (4.9). Next,
D5/4(K£CD_k)_1/4N_3/4 < (D5+k$_1)1/4(D2$_29k)_3/4
— (Dk_1$_1+69k)1/4 < mek

from (4.2).
Finally, since M > D/2,

DYA(KaD™%)~VAM3/8 « (DP+hg—1)1/AD=3/16 — (DLT+4k)1/16,—1/4 o 10i
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To see this, we use (4.15):
DYk « 29 where
q= (17 +4k)(100, — 1)/(8 — k) < 1660, + 4,
as a consequence of (4.16). This completes the proof of (iii).

We have yet to use Lemma 8, which is capable of extending the range (4.7) on
the left.

Lemma 11. Suppose that
(4.17) K1D?272% « N « min(D*F~4z%%=1 D'/2),
Then (4.6) holds.

Proof. We apply Lemma 8 with N, K in place of My, My, and k = A = 1/2. The
condition X > Mj M5 reduces to

D7 F > N.

Since N < D'/2] this reduces in turn to ), > 3/(4k + 2), which was used earlier.
Now we need to show that (4.17) implies

KD(NK)™ Y2 £ KD(xD *N-YYop—1/3 « Kafr.
The term K D(NK)~'/2 gives rise to the lower bound for N in (4.17). The condition
KD(zD *N-YH)YoM~1/3 « Kl

is equivalent to

6 T 66
D (Dk+2)N<<x g
which reduces to the upper bound for N in (4.17).

Proof of the Theorem. Let D, K satisfy (4.2), (4.5). We must show that (4.4) holds.
Suppose first that £ = 3. If

K < g11/74p-1/2

then we are done, by Lemma 10(ii). Suppose now that

(4.18) K > V™ p=1/2,

We apply Lemma 3(i). Thus it suffices to prove (4.6) for
(4.19) DY* « N < D*

and (4.11) for

(4.20) N > D?/5,

Lemma 11 gives (4.6) in the range
K71D2x717/37 < N < min(D71x14/37’D1/2)'
From (4.18), (4.2),
K-1D2p=17/37 < p5/2,-45/T4  pl/4
D—1.14/37 5 p2/5.
Thus (4.6) holds in the required range.
As shown in the proof of Lemma 10, (4.11) holds in the range (4.12), which

becomes
N > 3/37
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for k = 3. Since 2%/37 < D?/® from (4.2), the discussion of the case k = 3 is
complete.
Now let k = 4. From Lemma 10(ii), we may suppose that

(4.21) K > 2799 pY/2,

As above, it suffices to prove (4.6) in the range (4.19), and (4.11) in the range
(4.20).
Lemma 11 gives (4.6) in the range

(4.22) K7D VAT « N < a7,
since D1/2 > 217/188 > 24/47 Now
K—1D23~\T/47 < 4=25/94p3/2 - pi/4.
since D < x'%47 from (4.2). Moreover,
24T S p2/5
also from (4.2). This gives (4.6) in the desired range.
As for (4.11), the range (4.12) becomes
(4.23) N > B/ p-1,

If D > 29/47, then we obtain (4.11) in the desired range by combining the ranges
(4.22) and (4.23).
It remains to prove (4.4) in the case D < 247, In this case, (4.5) yields
KD* < Dog17/94 < 573/94

and (4.4) follows from Lemma 10(iii).
Finally, let kK = 5. In view of Lemma 10(ii), (iii), we may suppose that

(4.24) K >z V4D3/2
and
(4.25) KD3 > z'/2,

We may apply Lemma 3(iii) with
D% — K_1D2.T)_3/10
which was shown in (4.10) to be smaller than D'/3. We must show that (4.6) holds
for
K 'D?273/1% « N <« max(DY?3, K~2D*:73/%),
and that (4.11) holds for
N> K1/2D_1/2.’E3/20.
We apply Lemma 11. We have to show that
max (D3 K=2D*x=3/%) < Dz=1/10
(since Dz~/10 < D2 from (4.2)). The bound
D1/3 < Dx*l/lo
follows from (4.2). Also,
K_2D4.T_3/5(D$_1/10)_1 — K—2D3x—1/2 S 1
from (4.24). This gives (4.6) in the required range.
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As for (4.11), the range (4.12) satisfies our requirements, because we obtain
22/5D~2 < [1/2D=1/243/20

rearranging (4.25). This finishes the discussion for k¥ = 5, and completes the

proof of the Theorem.
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