
Math 344 Lecture #37
5.8 Topologically Equivalent Metrics

Continuity and compactness, properties which depend only on open sets, are called topo-
logically properties.

We have used metrics to determined what are called metric topologies.

However, one can define a topology without reference to a metric. (This is not discussed
in the book).

A collection of subsets T of a nonempty set X is called a topology on X if

(i) for any subcollection (Uα)α∈J in T the union ∪α∈JUα belongs to T , and

(ii) for any finite subcollection U1, . . . , Un in T the intersction ∩ni=1Ui belongs to T ,

(iii) ∅, X ∈ T .

We have shown that metric topologies satisfy these two properties.

5.8.1 Topological Equivalence

Let X be a nonempty set with two metrics da and db.

Each metric determines a topology on X, which we label Ta and Tb by way of the
respective open balls Ba(x, r) and Bb(x, r).

We call Ta the a-topology on X, and Tb the b-topology on X.

Definiton 5.8.1. We say that da and db are topologically equivalent if Ta = Tb, i.e.,
the two metrics determine the same topology on X.

Example 5.8.2. (i) Let T be the topology determined by the discrete metric d on a
nonempty set X.

In this topology each singleton set {x} is open.

This implies that any subset U of X is open because U is the union of its elements.

In other words, every subset of X is open, meaning that T is the P(X) ≡ 2X , the power
set of X.

In the discrete topology every subset of X is also closed, so that every subset of X is
clopen (i.e., both open and closed).

(ii) The 2-norm on Fn determines the standard Euclidean topology on Fn.

The opens set in this metric topology are the open sets we are more familiar with.

The Euclidean topology and the discrete topology on Fn are not topologically equivalent
because not every subset of Fn is open in the Euclidean topology.

5.8.2 Characterizations of Topologically Equivalent Metrics

Theorem 5.8.3. Suppose da and db are metrics on a nonempty set X. The metrics da
and db are topologically equivalent if and only if for all x ∈ X and for all ε > 0 there
exist δa > 0 and δb > 0 such that

Bb(x, δb) ⊂ Ba(x, ε) and Ba(x, δa) ⊂ Bb(x, ε).



Proof. Suppose da and db are topologically equivalent.

Then for each x ∈ X and each ε > 0 the open ball Ba(x, ε) is open with respect to db
and the open ball Bb(x, ε) is open with respect to the metric da.

Thus there exist δa > 0 and δb > 0 such that Bb(x, δb) ⊂ Ba(x, ε) and Ba(x, δa) ⊂ Bb(x, ε).

Now suppose for all x ∈ X and all ε that there exist δa > 0 and δb > 0 such that
Bb(x, δb) ⊂ Ba(x, ε) and Ba(x, δa) ⊂ Bb(x, ε).

Let U ⊂ X be open in the metric space (X, da), i.e., U ∈ Ta.

Then for each x ∈ U there exists ε > 0 such that Ba(x, ε) ⊂ U .

By hypothesis, there is δb > 0 such that Bb(x, δb) ⊂ Ba(x, ε).

This implies that U ∈ Tb.

Similarly, if U ∈ Tb, then U ∈ Ta.

Thus Ta = Tb. �

5.8.3 Metrics Induced by Norms

For metrics induced by norms there is a simpler characterization of equivalent topologies.

Theorem 5.8.4. Let X be a vector space with two norms ‖·‖a and ‖·‖b. The topologies
Ta and Tb determined by the metrics da and db induced by the two norms are equivalent
if and only if there exist 0 < m ≤M for which

m‖x‖a ≤ ‖x‖b ≤M‖x‖a for all x ∈ X.

Proof. Suppose that the two metrics da and db are topologically equivalent.

Then Ta = Tb.

Notice that if m‖x‖a ≤ ‖x‖b ≤M‖x‖a holds for some x ∈ X, then it holds for all scalar
multiples of x as well.

Thus if suffices to prove m‖x‖a ≤ ‖x‖b ≤M‖x‖a for all x ∈ Ba(0, 1) ∩Bb(0, 1).

Since Ta = Tb, for ε = 1 there exist by Theorem 5.8.3 a constants 0 < δa, δb < 1 such
that Bb(0, δb) ⊂ Ba(0, 1) and Ba(0, δa) ⊂ Bb(0, 1).

By Exercise 5.50 (Bb(0, ε) ⊂ Ba(0, 1) implies ‖x‖a ≤ ‖x‖b/ε) the inclusion Bb(0, δb) ⊂
Ba(0, 1) implies

‖x‖a ≤
‖x‖b
δb

or δb‖x‖a ≤ ‖x‖b.

Also by Exercise 5.50, the inclusion Ba(0, δa) ⊂ Bb(0, 1) implies

‖x‖b ≤
‖x‖a
δa

for all x ∈ Bb(0, 1).

Thus we obtain

δb‖x‖a ≤ ‖x‖b ≤
‖x‖a
δa

for all x ∈ Ba(0, 1) ∩Bb(0, 1).



Set m = δb and M = 1/δa.

Since 0 < δa, δb < 1 we have 0 < δaδb < 1 so that m = δb < 1/δa = M , and giving the
desired norm inequalities.

Now suppose that there exist 0 < m ≤M such that

m‖x‖a ≤ ‖x‖b ≤M‖x‖a for all x ∈ X.

Replacing x with x− y for arbitrary x, y ∈ X we get

m‖x− y‖a ≤ ‖x− y‖b ≤M‖x− y‖a.

Since ‖x− y‖a = da(x, y) and ‖x− y‖b = db(x, y) we obtain

mda(x, y) ≤ db(x, y) ≤Mda(x, y).

These imply for every ε > 0 that

Ba(x, ε/M) ⊂ Bb(x, ε) and Bb(x,mε) ⊂ Ba(x, ε).

Thus, by Theorem 5.8.3, taking δa = ε/M and δb = mε, the two metrics da and db on X
are topologically equivalent. �

We say that two norms on a vector space are topologically equivalent if the associated
metrics are topologically equivalent.

Example 5.8.5. Recall the inequalities on Fn from Exercise 3.17:

(i) ‖x‖2 ≤ ‖x‖1 ≤
√
n‖x‖2;

(ii) ‖x‖∞ ≤ ‖x‖2 ≤
√
n‖x‖∞.

By Theorem 5.8.4, the 1-norm, 2-norm, and ∞-norm are equivalent, i.e., they determine
the same open sets on Fn.

Unexample 5.8.6. We show that the L1-norm and L∞-norm on C([0, 1],R) are not
topologically equivalent.

Functions close in the L∞-norm are close in the L1-norm: for every g ∈ B∞(f, ε/2) we
have

‖f − g‖1 =

∫ 1

0

|f(x)− g(x)| dx ≤
∫ 1

0

ε

2
dx =

ε

2
< ε.

On the other hand, functions close in the L1-norm are not necessarily close in the L∞-
norm. [Can you visualize this?]

The L1-norm and L∞-norm on C([0, 1],R) are not topologically equivalent because for
fn(x) = xn we have

‖fn‖1 =
1

n+ 1
and ‖fn‖∞ = 1

for all n ∈ N.



In seeking to show m‖fn‖1 ≤ ‖fn‖∞ ≤M‖fn‖1 we see that there is no M > 0 such that

‖fn‖∞ ≤M‖fn‖1 for all n ∈ N.

On the other hand, in seeking to show that m‖fn‖∞ ≤ ‖fn‖1 ≤ M‖fn‖∞ we see that
there is no m > 0 such that

m‖fn‖∞ ≤ ‖fn‖1 for all n ∈ N.

Either one of these show that the L1-norm and the the L∞-norm are not topologically
equivalent.

Theorem 5.8.7. All norms on a finite-dimensional vector space are topologically equiv-
alent.

Proof. Let ‖ · ‖ be a given norm on a finite-dimensional vector space X over F.

By Corollary 2.3.12, there is a vector space isomorphism f : X → Fn for some n ∈ N.

This isomorphism induces a norm ‖ · ‖f on Fn defined by ‖x‖f = ‖f−1(x)‖. (Verification
of this is HW Exercise 5.48).

This reduces the problem to showing that a norm ‖ · ‖ on Fn are topologically equivalent
to the 1-norm.

From Example 5.5.8, the unit sphere in the 1-norm is compact, and therefore the contin-
uous function g(x) = ‖x‖ (see Proposition 5.2.7 for the continuity of g) has a maximum
value M and a minimum value m.

This implies for any nonzero x ∈ Fn that

m ≤
∥∥∥∥ x

‖x‖1

∥∥∥∥ ≤M.

This implies
m‖x‖1 ≤ ‖x‖ ≤M‖x‖1.

Thus the norms ‖ · ‖ and ‖ · ‖1 are topologically equivalent. �


