
Writing Assignments 1–3
Math 110, Winter 2006, Jason Grout

The purpose of this writing assignment is to develop a rule about when a rational function changes
sign, based solely on the factors of the numerator, the factors of the denominator, and the degrees of those
factors. Writing is used as a tool to help you think more deeply about the parts of this problem and how
they interrelate with each other.

Each section counts as a writing assignment. Each writing assignment will be graded out of four points,
according to the following criteria:

1 point: the writing and organization is neat and well-done with only minor grammar or spelling errors.

3 points: the answers to the exercises are complete and detailed enough that an average classmate could
easily follow your explanations.

1 Changing sign in polynomials

For the problems in this section, we define the following functions:

f(x) = (x− 5)(x− 2)(x + 3)2(x + 2)3

g(x) = (x− 5)(x− 2)2(x + 3)3(x + 2)2

h(x) = (x− 5)2(x− 2)3(x + 3)(x + 2)4

Exercise 1.1. What are the zeros of the three functions f , g, and h?

To find where a polynomial is positive or negative, we use the zeros of the polynomial to divide the x-axis
into intervals. Then we plug in points from each interval to determine whether the function is positive or
negative in each interval. In testing whether a function is positive or negative, we only need to know the
sign of each factor.

Exercise 1.2. For each of the functions f , g, and h, make a table which tells which factors are the same
sign and which factors are different signs as x changes from x = 1 to x = 3 (i.e., as we cross the root x = 2).
In other words, make a table which tells which factors are the same sign and which factors are different signs
when comparing them in the intervals (−2, 2) and (2, 5).

Exercise 1.3. Which factors in the above functions will always stay the same sign as we cross the line
x = 2?

Exercise 1.4. Which factor in the above functions could possibly change sign as we cross the line x = 2?
Why does this factor change sign in f(x) and h(x), but not in g(x)?

Exercise 1.5. Write a rule that tells when a polynomial function with a factor (x − a)k will change sign
as the function crosses the root x = a. Hint: This rule should only depend on what k is. In a well-written
paragraph, explain why your rule works to another person in the class.

Exercise 1.6. Test your rule by determining if the functions f , g, and h change sign as each function crosses
the root x = −3. Check your response to make sure your rule gives the correct answer.
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2 Changing sign in simple rational functions

For the problems in this section, we define the following functions:

f(x) =
1

(x− 5)(x− 2)(x + 3)2(x + 2)3

g(x) =
1

(x− 5)(x− 2)2(x + 3)3(x + 2)2

h(x) =
1

(x− 5)2(x− 2)3(x + 3)(x + 2)4

Exercise 2.1. What are zeros of the denominator of the three functions f , g, and h?

To find where a rational function is positive or negative, we use the zeros of the numerator and denom-
inator to divide the x-axis into intervals. Then we plug in points from each interval to determine whether
the function is positive or negative in each interval. In testing whether a function is positive or negative, we
only need to know the sign of each factor.

Exercise 2.2. In the functions f , g, and h, the numerators have no zeros. For each of the functions f , g,
and h, make a table which tells which factors of the denominator are the same sign and which factors are
different signs as x changes from x = 1 to x = 3 (i.e., as we cross the vertical asymptote x = 2). In other
words, make a table which tells which factors are the same sign and which factors are different signs when
comparing them in the intervals (−2, 2) and (2, 5).

Exercise 2.3. Which factors in the denominators of the above functions will always stay the same sign as
we cross the line x = 2?

Exercise 2.4. Which factor in the denominators of the above functions could possibly change sign as we
cross the line x = 2? Why does this factor change sign in f(x) and h(x), but not in g(x)?

Exercise 2.5. Write a rule that tells when a rational function having numerator “1” and with a factor
(x − a)k in the denominator will change sign as we cross the vertical asymptote x = a. Hint: This rule
should only depend on what k is. In a well-written paragraph, explain why your rule works to another
person in the class.

Exercise 2.6. Test your rule by determining if the functions f , g, and h change sign as each function crosses
the root x = −2. Check your response to make sure your rule gives the correct answer.
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3 Changing sign in rational functions

For the problems in this section, we define the following functions:

f(x) =
(x− 5)2(x− 2)(x− 1)

(x− 5)(x− 2)(x + 3)2(x + 2)3

g(x) =
(x− 3)2(x− 2)(x− 1)

(x− 5)(x− 2)2(x + 3)3(x + 2)2

h(x) =
(x− 5)4(x− 3)(x− 1)3(x + 3)2

(x− 5)2(x− 2)3(x + 3)(x + 2)4

j(x) =
(x− 5)(x− 3)(x− 2)3(x + 3)2

(x + 3)(x + 2)4

Exercise 3.1. What are zeros of the numerator and denominator of the functions f , g, h, and j?

To find where a rational function is positive or negative, we again use the zeros of the numerator and
denominator to divide the x-axis into intervals. Then we plug in points from each interval to determine
whether the function is positive or negative in each interval. In testing whether a function is positive or
negative, we only need to know the sign of each factor.

However, if the same factor is in the top and in the bottom, things can get more complicated than before.
Let’s break this problem down into simpler parts which we’ve already looked at.

Exercise 3.2. For each of the functions f , g, h, and j, make a table which tells which factors of the
numerator are the same sign and which factors are different signs as x changes from x = 1 to x = 3 (i.e., as
we cross the line x = 2). In other words, make a table which tells which factors in the numerator are the
same sign and which factors are different signs when comparing them in the intervals on either side of x = 2

Exercise 3.3. For each of the functions f , g, h, and j, make a table which tells which factors of the
denominator are the same sign and which factors are different signs as x changes from x = 1 to x = 3 (i.e.,
as we cross the line x = 2). In other words, make a table which tells which factors in the denominator are
the same sign and which factors are different signs when comparing them in the intervals on either side of
x = 2

Exercise 3.4. If one factor in the numerator and one factor in the denominator of a rational function change
sign at the same time, what happens to the sign of the function? Does the sign of the function stay the same
or does it change? Why?

Exercise 3.5. Write a rule that tells when a rational function having a factor (x − a)k in the numerator
and a factor (x− a)m in the denominator will change sign as the function crosses the line x = a. Hint: This
rule should only depend on what k and m are. In a well-written paragraph, explain why your rule works to
another person in the class.

Exercise 3.6. Test your rule by determining if the functions f , g, h, and j change sign as each function
crosses the line x = 5. Check your response to make sure your rule gives the correct answer.
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