
MATH 112, SECTION 9, 309, FALL 2003
PRACTICE TEST

NO CALCULATORS.

INSTRUCTOR: JASON GROUT

Abstract. Practice test for 4.2–4.8, 5.1–5.3

1. (5pts) If f is twice differentiable in the interval (0,2), f ′(1) = 0, and f ′′(1) = 3,
then which of the following can we conclude.
(a) f has a local minimum at x = 1.
(b) f has a local maximum at x = 1.
(c) f has an inflection point at x = 1
(d) We can conclude none of the above.

Solution: The second derivative test says that f has a local minimum at x = 1.

2. (5pts) Let f(x) = x3 − 3x2 − 9x+ 4. Which of the following is true?
(a) f is concave down on (−1, 3).
(b) f is concave up on (1,∞).
(c) f is increasing on (−1, 3).
(d) f is decreasing on (1,∞).
(e) None of the above.

Solution: f ′(x) = 3x2 − 6x− 9 = 3(x+ 1)(x− 3).f ′′(x) = 6x− 6 = 6(x− 1).
It follows that (b) is correct

3. (5 pts) Let f(x) = x4 − 4x3 + 6x2 − 4x+ 3. We can see that f ′(1) = 0. Using
the second derivative test, what can we conclude?
(a) f has a local minimum at x = 1.
(b) f has a local maximum at x = 1.
(c) f has a root at x = 1.
(d) The second derivative test gives no information.

Solution: Since f ′′(1) = 0, the correct answer is (d).

4. (5 pts) Let f(x) = −x3 − 3x2 + 24x+ 4. Which of the following is true?
(a) f is concave down on (−4, 2).
(b) f is concave up on (−1,∞).
(c) f is increasing on (−4, 2).
(d) f is decreasing on (−1,∞).
(e) None of the above.

Solution: (c).



5. (5 pts) Which of the following is an antiderivative of
1

3− x
?

(a) ln |3− x|
(b) ln |3− x|+ 5
(c) Both of the above.
(d) None of the above.

Solution: (d). Both of the first answers are missing the negative sign on the
ln.

6. (5 pts) Let C be a constant. The general antiderivative of
1√

1− x2
is

(a) tan−1 x+ C
(b) sec−1 x+ C
(c) sin−1 x+ C
(d) None of the above.

Solution: (c).

7. (5 pts) Which of the following are solutions to the differential equation

d2s

dt2
= −ω2s

(a) s = 3 cos(ωt)
(b) s = 5 sin(ωt)
(c) s = 3 cos(ωt) + 5 sin(ωt)
(d) All of the above.
(e) None of the above.

Solution: (d).

8. (5 pts) Find the critical point(s) of f . Assume that C, a, and b are constants.
Assume that C 6= 0 and b 6= 0.

f(x) = Ce
−(x−a)2

b

Solution: x = a

9. (8 pts) Find the absolute maximum and absolute minimum of f(x) = x +
16

x
on the interval [1,32]. (Remember that the absolute max and min are y values)

Solution: Abs max is 32.5 which occurs when x = 32; Abs min is 8 which
occurs when x = 4

10. (5pts) Find the critical point(s) of f . Assume that a and b are positive constants

f(x) = axe−bx

Solution: x = 1
b



11. (8pts) Find the absolute maximum and absolute minimum of f(x) = x3−3x+1
on the interval [0,2]. (Remember that the absolute max and min are y values)

Solution: f ′(x) = 0 at x = ±1. Since −1 is not in the domain, we ignore
it. The critical points are thus 0, 1, 3. The corresponding y values are 1,−1, 3.
Abs max is 3; Abs min is -1

12. Find the following limits: (5 pts each)

(a) lim
x→∞

x5 + 3x2 − 4

e3x

Solution: 0; ex grows faster than any polynomial

(b) lim
x→0+

(1− x)1/x

Solution:
1

e

(c) lim
x→∞

2x−
√

4x2 − 5x

Solution:
5

4

13. Find the following limits: (5pts each)

(a) lim
x→0

x5 + 3x

e2x − 1

Solution: 3
2
. Applying L’Hôpital’s rule once gives us limx→0

5x4+3
2e2x

= 3/2

(b) lim
x→∞

(1 + x)1/x

Solution: e0 = 1

(c) lim
x→∞

√
x2 − 8x− x

Solution: Multiply by the conjugate in the numerator and denominator,
and then divide the top and bottom by x. You get −4.

2r

h 8

14. (8pts) A stranded resident of a desert island wants to fit a small cylindrical
vial inside a hollow spherical coconut shell having an inside diameter of eight
inches. Find the volume of the largest vial that can fit inside the shell. The
volume of a cylinder equals πr2h where h is the height and r is the radius.



Solution: First, h2 +(2r)2 = 82. We find that the critical points occur when

h =

√
64

3
. You easily note that this gives the maximum, so the maximum

volume is π

(
64− 64/3

4

)√
64

3
=

256π

3
√

3
.

15. (8 pts) A kite is flying at an angle of elevation of 45 degrees. The kite string is
being taken in at the rate of 8 feet per minute. If the angle of elevation does
not change, how fast is the kite losing altitude?

Solution: The altitude h and length l are related by sin 45 = h
l
. Taking

derivates we find
dh

dt
= 4
√

2.

16. (8pts) A camera is located 50 ft from a straight road along which a car is
traveling at 100 ft/sec. The camera turns so that it is pointed at the car at all
times. In radians/sec, how fast is the camera turning as the car passes closest

to the camera? Solution: The setup gives tan θ =
x

50
. Taking derivatives

with respect to time we get

dθ

dt
sec2 θ =

1

50

dx

dt
dθ

dt
sec2 0 =

1

50
100

dθ

dt
1 = 2

dθ

dt
= 2

we get
dθ

dt
= 2

17. (8 pts) Joe, the owner of Big Joe’s Donuts, finds that at a price of $5 per dozen
he sells 12 dozen donuts every hour. He has found that if he lowers the price to
3 dollars a dozen, then he can sell 20 dozen donuts every hour. Assuming the
demand curve is linear, what price should Joe charge to maximize his revenue?

Solution: $4

18. (12 pts) Let f(x) =
x

(x+ 3)2
. Give the following information, and sketch the

graph of f .



Vertical asymptotes
End behavior

Intercepts
Local maxima
Local minima

Inflection points

Intervals on which f(x) is:
Increasing

Decreasing
Concave up

Concave down

Solution: Vertical asymptote at x = −3.
End behavior: limx→−∞ f(x) = limx→∞ f(x) = 0.
x-intercept: (0, 0), y-intercept: (0, 0).
Local maximum: (3, 1/12).
Local minima: None.
Inflection point: (6, 2/27).
Increasing: (−3, 3).
Decreasing: (−∞,−3) ∪ (3,∞).
Concave up: (6,∞).
Concave down: (−∞,−3) ∪ (−3, 6).
The graph is shown in Figure 1.

19. (5 pts each) Find the general antiderivatives of the following functions. Let k
be a constant.

(a) e−kx Solution: −ke
−kx

k
+ C

(b) sin kx Solution: − cos kx
k

+ C

(c) k coshx Solution: k sinh x+ C

(d) 3x−2 + 5x−1 + 7x2 Solution: −3x−1 + 5 ln |x|+ 7x3

3
+ C

20. (8 pts each) Solve the following differential equations, given the boundary con-
ditions. Assume that y is a function of x.

(a) 2y =
csc2 x

y′
, y(π

2
) = 1. Solution: y =

√
− cotx+ 1

(b) y′ + 1 = −y′x2, y(1) = π
4

Solution: y = − arctanx+ π
2

(c) y′ − 3 = −4y, y(0) = 0 Solution: y =
3e−4x − 3

−4
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Figure 1. Problem 18

21. (5 pts) Prove that
abx

b ln a
+ C is the general antiderivative of abx. Solution:

The derivative of abx

b ln a
+ C is abx(ln a)(b)

b ln a
= abx. Therefore, the antiderivative of

abx is as stated.

22. (5 pts) A projectile is thrown downward from the top of a building at a speed
of 3 ft/s. If the projectile hits the ground 2 seconds later, how high is the
building? Assume the only acceleration acting on the projectile is g = 32 ft/s2,
the constant of gravity. Solution: 70 ft

23. (10 pts) A certain plant grows in height at a rate inversely proportional to the
square root of its height.
(a) Set up a differential equation describing the change in height with respect

to time. Solution:
dH

dt
= k√

H
, where k is a constant.



(b) It takes 8 years for the plant to reach a height of 4 meters. Solve the
differential equation and find how tall the plant will be when it is 27 years
old. Solution: 9 meters.


