TRIVIAL CENTRALIZERS FOR AXIOM A
DIFFEOMORPHISMS

TODD FISHER

ABSTRACT. We show there is a residual set of non-Anosov C*>
Axiom A diffeomorphisms with the no cycles property whose ele-
ments have trivial centralizer. If M is a surface and 2 < r < oo,
then we will show there exists an open and dense set of of C™ Ax-
iom A diffeomorphisms with the no cycles property whose elements
have trivial centralizer. Additionally, we examine commuting dif-
feomorphisms preserving a compact invariant set A where A is a
hyperbolic chain recurrent class for one of the diffeomorphisms.

1. INTRODUCTION

Inspired by Hilbert’s address in 1900 Smale was asked for a list of
problems for the 215 century. Problem 12 deals with the centralizer
of a “typical” diffeomorphism. For f € Diff"(M) (the set of C" diffeo-
morphisms from M to M) the centralizer of f is

Z(f) ={g € Dift"(M) | fg = gf}.
Let r > 1, M be a smooth, connected, compact, boundaryless manifold,
and
T ={feDiftf"(M)|Z(f) is trivial}.
Smale asks the following question.
Question 1.1. Is T' dense in Dift" (M) ?

A number of people have worked on these and related problems in-
cluding Kopell [11], Anderson [2], Palis and Yoccoz [14] [13], Katok [9],
Burslem [5], Togawa [19], and Bonatti, Crovisier, Vago, and Wilkin-
son [3].

Palis and Yoccoz [14] are able to answer Question 1.1 in the affir-
mative in the case of C*° Axiom A diffeomorphisms with the added
assumption of strong transversality. In [14] Palis and Yoccoz ask if
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their results extend to the case of Axiom A diffeomorphisms with the
no cycles property.

The first results of the present work extend the results of Palis and
Yoccoz to the case of Axiom A diffeomorphisms with the no cycles
property. Let A"(M) denote the set of C" Axiom A diffeomorphisms
with the no cycles property that are non-Anosov. Let A7(M) denote
the subset of A"(M) containing a periodic sink or source.

Theorem 1.2. There is an open and dense subset of A°(M) whose
elements have a trivial centralizer.

Theorem 1.3. Let dim(M) > 3. Then there is a residual set of
A>(M) whose elements have trivial centralizer.

We can reduce the requirement of r = oo for certain Axiom A dif-
feomorphisms of surfaces. We note that in the following result we are
able to include the Anosov diffeomorphisms

Theorem 1.4. If M is a surface and 2 < r < oo, then there exists an
open and dense set of C" Axiom A diffeomorphisms with the no cycles
property whose elements have trivial centralizer.

A general technique in studying the centralizer is to examine prop-
erties of the centralizer on the “basic pieces” of the recurrent points.
In the hyperbolic case one often looks at what is called a hyperbolic
chain recurrent class. An e-chain from a point x to a point y for a
diffecomorphism f is a sequence {x = xq,...,z, = y} such that the
d(f(xj_1),z;) < eforall 1 < j < n. The chain recurrent set of f is
denoted R(f) and defined by:

R(f) = {x € M| there is an e-chain from x to z for all € > 0}.

For a point € R(f) the chain recurrent class of x consists of all points
y € R(f) such that for all € > 0 there is an e-chain from z to y and an
e-chain from y to x.

If Smale’s question can be answered in the affirmative one would hope
that the following is true: for a residual set of diffeomorphisms G if A
is a hyperbolic chain recurrent class for f € G and g € Z(f) that there
is a dichotomy, either g|, is the identity or g|s is a hyperbolic chain
recurrent class. In regards to this dichotomy we have the following
result.

Theorem 1.5. Suppose f € Diff" (M) for anyr >1, g € Z(f), Ais a
maxing hyperbolic chain recurrent class of f and a hyperbolic set for g.
Then A is a locally mazximal hyperbolic set for g.
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We briefly remark that the above statement provides some context
for an open problem in the theory of higher rank symbolic actions: if an
expansive homeomorphism f commutes with a transitive shift of finite
type, must f be topologically conjugate to a shift of finite type? [12]
Specifically, Theorem 1.5 is a smooth analog to this question.

2. BACKGROUND

We now review some basic definitions and facts about hyperbolic
sets and commuting diffeomorphisms. We assume that all of our maps
are diffeomorphisms of a manifold to itself.

A compact set A invariant under the action of f is hyperbolic if there
exists a splitting of the tangent space T)f = E* & E° and positive
constants C' and A < 1 such that, for any point x € A and any n € N,

|Dfrv|| < CA||v||, for v € EZ, and
|Df. "] < CN||v|, for v e EY.

For € > 0 sufficiently small and z € A the local stable and unstable
manifolds are respectively:

Ws(x, f) ={y € M| for all n € N, d(f"(x), f"( )) <€}, an
We(z, f) ={y € M| for all n € N, d(f™"(z), ["(y)) < }

The stable and unstable manifolds are respectively:

Wz, f) = Upso /7" (WE(f"(2), f)) , and

Wiz, f) = Upso /" WS (2), £))-
For a C" diffeomorphism the stable and unstable manifolds of a hyper-
bolic set are C" injectively immersed submanifolds.

A point x is non-wandering for a diffeomorphism f if for any neigh-
borhood U of z there exists an n € N such that f*(U)NU # 0. The
set of non-wandering points is denoted NW(f). A diffeomorphism f
is Axiom A if NW(f) is hyperbolic and is the closure of the periodic
points.

A hyperbolic set is locally maximal if there exists a neighborhood U
of A such that A =, f"(U). Locally maximal hyperbolic sets have
some special properties. First, we have the standard result called the
Shadowing Theorem, see [15 p. 415]. Let {x;}42; be an e-chain for f.

provided d(f7(y ),azj) < dfor g1 <j <o
Theorem 2.1. (Shadowing Theorem) If A is a locally mazimal hyper-

bolic set, then given any 6 > O there exists an € > 0 and n > 0 such
that if {x; }J_Jl is an e-chain for f with d(xj, A) <, then there is a y

which 6-shadows {x; }] _j,- If the e-chain is periodic, then y is periodic.
If jo = —j1 = 00, then y is unique and y € A.

A point y d-shadows {x;}?

J=j1
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The Shadowing Theorem also implies the following;:

Corollary 2.2. If A is a locally maximal hyperbolic set of a diffeomor-
phism. [, then cl(Per(f[x)) = NW(f|x) = R(f]a)-

An additional consequence of the Shadowing Theorem is the struc-
tural stability of hyperbolic sets. The following is a classical result,
see [10, p. 571-572].

Theorem 2.3. (Structural stability of hyperbolic sets) Let f € Diff (M)
and A be a hyperbolic set for f. Then for any neighborhood V of A and
every 6 > 0 there exists a neighborhood U of f in Diff(M) such that
for any g € U there is a hyperbolic set Ay CV and a homeomorphism
h: Ay — A with deo(id, h) + deo(id, ") < 6 and h o g|a, = f|a 0 h.

Moreover, h is unique when 0 is sufficiently small.

If X is a compact set of a smooth manifold M and f is a continuous
map from M to itself, then f|x is transitive if for any open sets U and
V of X there exists some n € N such that f"(U) NV # 0. A set X is
mazxing if for any open sets U and V' in X there exists an N € N such
that f*(U)NV # for all n > N.

A standard result for locally maximal hyperbolic sets is the following
Spectral Decomposition Theorem [10, p. 575].

Theorem 2.4. (Spectral Decomposition) Let f € Diftf"(M) and A a
locally maximal hyperbolic set for f. Then there exist disjoint closed
sets Ay, ..., Ay, and a permutation o of {1,...,m} such that NW(f|r) =
U, A, f(A) = Ayy, and when o*(i) = i then f*|a, is topologically
mizing.

Corollary 2.2 implies that Theorem 2.4 can be stated for a decom-
position of the chain recurrent set of f restricted to A where A is a
locally maximal hyperbolic set.

In the case where f is Axiom A we have the following version of the
Spectral Decomposition Theorem.

Theorem 2.5. [15, p. 422 Let f € Diff'(M) and assume that f
1s Aziom A. Then there are a finite number of sets Ay, ..., An closed,
pairwise disjoint, and invariant by f such that NW(f) = UZJL A;. Fur-
thermore, each A; is topologically transitive.

In the theorem above the sets A; are called basic sets. We define a
relation < on the basic sets Ay, ..., A,, given by the Spectral Decom-
position Theorem as follows: A; < A; if

(WH(As) = M) N (WP(Ay) = Aj) # 0.
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A k-chain is a sequence A;,, ..., A, where A;, # A, for i,1 € [1, k] and
A <A\, €< AL
A k-cycle is a sequence of basic sets Aj,, ..., A;, such that
A, € Ajy <o €N, <AL

A diffeomorphism is Aziom A with the no cycles property if the diffeo-
morphisms is Axiom A and there are no cycles between the basic sets
given by the Spectral Decomposition Theorem.

The set R(f) is hyperbolic if and only if f is Axiom A with the no
cycles property [7]. For any r > 1 the set of C" diffeomorphisms with
R(f) hyperbolic is open.

For a hyperbolic set A let

Wo(A) = {z € M| lm d(f"(x),A) = 0}.

If A is a topologically transitive locally maximal hyperbolic set and
p € Per(f) N A, then W*(O(p)) is dense in W*(A) where O(p) is the
orbit of p for f. If A is a mixing locally maximal hyperbolic set and
p € Per(f) N A, then W?*(p) is dense in W*(A).

The following proposition found in [1] will be used in the proof of
Theorem 1.5.

Proposition 2.6. If A is a hyperbolic chain recurrent class, then there
exists a neighborhood U of A such that R(f) NU = A.

A set X C M has an attracting neighborhood if there exists a neigh-
borhood V' of X such that X = (), .y f"(V). A set X C M has a
repelling neighborhood if there exists a neighborhood U of X such that
X =Nyen JT"(U). Aset A C M is called a hyperbolic attractor (hyper-
bolic repeller) if A is a transitive hyperbolic set for a diffeomorphism f
with an attracting neighborhood (a repelling neighborhood). A hyper-
bolic attractor (repeller) is non-trivial if it is not the orbit of a periodic
sink (source).

Remark 2.7. For Aziom A diffeomorphisms with the no cycles prop-
erty there is an open and dense set of points of the manifold that are
in the basin of a hyperbolic attractor.

We now review some basic properties of commuting diffeomorphisms.
Let f and g be commuting diffeomorphisms. Let Per"(f) be the peri-
odic points of period n for f and Per} (f) denote the hyperbolic periodic
points in Per"(f). If p € Per"(f), then g(p) € Per"(f) so g permutes
the points of Per"(f). Furthermore, if p € Per”(f), then

Dyp) " Dpg = DypgDp ™.
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Hence, the linear maps Dy, f™ and D, f" are similar. If p € Pery(f),
then g(p) € Per(f). Additionally, If p € Pery(f), then

gW"(p, f)) = W"(g(p), f) and g(W*(p, f)) = W*(g(p), f)-

Since #(Per}(f)) < oo for f Axiom A it follows that if p € Per}(f)
and f is Axiom A, then g(p) € Per(g).

3. TRIVIAL CENTRALIZER FOR AXIOM A DIFFEOMORPHISMS WITH
NO CYCLES

We will show that Theorems 1.2 and 1.3 will follow from extending
the results in [14] if one can show the following theorem:

Theorem 3.1. There ezists and open and dense set V of A>®(M) such
that if f €V and g1,92 € Z(f) where g1 = g2 on a non-empty open set
of M, then g, = gs.

Before proceeding with the proof of Theorem 3.1 we review a result
of Anderson [2]. Let f € Diff™*(R") be a contraction. Anderson shows
that if g1, 92 € Z(f) and g; = g2 on an open set of R”, then g; = g on
all of R™.

In the proof of Theorem 3.1 it is sufficient to show that there exists
an open set V of A>°(M) such that if f € V, g € Z(f), and there exists
an open set U of M where g|y = id|y, then g = idy,.

Now suppose that f € A*°(M) and g € Z(f) where g is the identity
for a non-empty open set U of M. Then U intersects the basin of either
a hyperbolic attractor or repeller A for f in an open set denoted Uy,.
Let p € Per"(A). Then there exists a i € N such that W*(f(p)) N
U # 0. Since g(W*(f(p))) = W*(q) for some periodic point ¢ and
g is the identity on U we know that g(f*(p)) = f'(p). The map fm
restricted to W*(f*(p)) is a contraction that commutes with g restricted
to W*(f(p)). Hence, g is the identity on W*(f*(p)) from Anderson’s
result. The density of W*(O(p)) in W*(A) implies that ¢ is the identity
on W*(A). A similar argument holds for repellers.

To prove Theorem 3.1 we then need a way to connect the basins
of adjacent attractors so that if g is the identity in one it will be the
identity in the other. To do this we will prove the next proposition.
We note that the next proposition is similar to the Lemma in the proof
of Theorem 1 from [14, p. 85].

Proposition 3.2. There exists an open and dense set V of A"(M),
1 <r < oo, such that if f € V and A and A" are attractors for f where

Ws(A) NWs(A) # 0,
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then there exists a hyperbolic repeller A, such that
WA NW™(A,) # 0 and W (A)YNWH(A,) # 0.

Before proving the above proposition we show how it implies Theo-
rem 3.1.

Proof of Theorem 3.1. Let V be open and dense in A (M) satisfying
Proposition 3.2 and let f € V. Since f € A*®(M) we know there is an
open and dense set of M contained in the basin of hyperbolic attractors.
Denote the hyperbolic attractors of f as Ay, ..., Ax. Let g € Z(f)
such that ¢ is the identity on a non-empty open set U contained in
M. Then there exists some attractor A; where 1 < ¢ < k such that
W5(A;) NU # (). Hence, g is the identity on W#(A;).
For any attractor A; such that

W (Ay) NTWs(A;) # 0
there exists a repeller A, such that
W?3(A;) NWH(A,) # 0 and W?3(A;) N WH(A,) # 0.

This follows from Proposition 3.2. It then follows that g is the iden-
tity on W*(A,) and W*(A;) since the intersection of the basins for an
attractor and a repeller is an open set.

Continuing the argument we see that g is the identity on Uszl We(Ay).
Hence, g is the identity on all of M from Remark 2.7. O

We now state and prove two lemmas that will be helpful in proving
Proposition 3.2.

Lemma 3.3. There exists an open and dense set Vi of A"(M) for
1 < r < oo such that if f € Vi, A is a hyperbolic repeller for f, and

Proof. Let U be a connected component of A"(M). Let Ag,...,Apy
be basic sets such that Ay, ..., A; are the hyperbolic repellers for each
feu.

We will prove the lemma inductively on k. For k£ = 1 the statement
is trivially true. Assume for k > 1 that there is an open and dense
set Uy, of U depending on k such that if A = A, < ... < A, where
0 <ng <y, then A € A,,.

Fix

a = (ag,...,p1) €40, .., 5} x {5 +1,..., M}

Let I be the set of all such o and let f € U, such that A,, < ... < A
for f. Since f € Uy, we know that A,, < A,, <A

Q41

Qp41-°
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The next claim will show there is an arbitrarily small C" perturbation
of f such that A,, < A

Qp41°

Claim 3.4. If f € A"(M), A < Ay < Ay, A is a repeller, y €
WH(A)NW#(As), and U is a sufficiently small neighborhood of y, then

there exists an arbitrarily small C" perturbation f of f with support in

U such that f(y) € W*(A) N W?*(Ay) for f.

Proof of Claim 3.4. Let p be a periodic point of A;. Since W*¥(O(p))
is dense in W*(A;) and W*(A) is open we know that there exists some
m such that W*(A) N W=(f™(p)) # 0. Let x € W*(A) N W*(f™(p)).
If we take a transversal to W*(f™(p)) at x such that the transversal is
contained in W*(A), then the Inclination Lemma (or A-lemma) [4, p.
122] implies that the transversal accumulates on W*(f™(p)). By the
invariance of W*(A) the same holds for any power of p.

Let y € W*(Ay) N W#(Ag). Then there exists an n such that y €
Wu(fr(p)) and hence W*(A) accumulates on y.

Since y is a wandering point there exists a sufficiently small neigh-
borhood U of y such that f*(U)NU = for all n € Z — {0}, and U is
disjoint from a neighborhood of A U Ay U As,.

Let yx be a sequence in W¥(A) converging to y. Then there exists
an arbitrarily small C" perturbation f , with support in U, of f such
that y,. gets mapped to f(y) for some k sufficiently large. We know
that f~"(yx) = f"(yx) and f*(y) = f™(y) for all for all n € N. Hence
fly) € W¥(A) N W*(Ay) for f. O

We now return to the proof of the lemma. The previous claim shows
that by an arbitrarily small perturbation f we have Aoy < A, Since
Uy, is open we may assume f € Uy. Since W*(A4,) is open and varies
continuously with f as does W*(Aq, .,) we know that it is an open
condition that A,, < ... < Ay, and Ay; < Aq, .

Let Uy, C Uy such that for all f € U}, there exists some € > 0 where
Noy < ... K Mg, is not a chain for all g € Bc(f). Let Uy, C Uy
such that A,, < ... < Ay, and Ay, < Ag,,,. From the previous
argument we know that U} , is open. We want to show that I, is
dense in Uy, — Uy .

Let f € U, — Z/{,Sva. Then there exists a sequence of f, converging to
f such that for each f, we have A, < ... < A Hence, there exists

a sequence f, converging to f such that each f, € L{,ia.

Q41
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Define Uy o = Uy ,UU, . The set Uy o is then open and dense in Uy.

Define
U1 = ﬂ Uy -
ael

Since the set [ is finite we know that U}, is open and dense in Uy. The
no cycles property implies there are no chains of length M + 1. Define
V) = Uy this will be open and dense in A"(M) and by construction if
A is a hyperbolic repeller for f € Vi, and A = Ag < A € .0 < Ay
then A < Ay for f. O

Lemma 3.5. There exists an open and dense set Vo of A"(M) for
1 <r < oo such that if f € Vo, A, is a hyperbolic attractor for f, A,
is a basic set for f, A, is a hyperbolic repeller for f with A, < Ay, and
Ws(Ay) NWH(Ay) # 0, then A, < A,.

Proof. Let f € A"(M) and Ay, ..., Ays be the basic sets for f where
Ao, ..., A are the hyperbolic attractors and Ay, Aji;..., Ay are hyper-
bolic repellers. Before proceeding with the proof of the lemma we prove
a claim.

Claim 3.6. If f € C satisfies the following:

e A, is a hyperbolic attractor for f,
e Ay is a basic set for f,

e A, is a repeller for f,

o Ws(A,) NWH(A,) #0, and

L Ar < Ab;

then there exists an arbitrarily small perturbation of f such that A, <
A,.

Proof of claim. Lemma 2.5 in [17] shows that

W (Aa) N (W (Ay) — M) # 0.

Let x € Ws(A,) N (W*(Ap) — Ap). Since z is wandering there exists a
neighborhood V' of  such that f*(V)NV =0 for all n € Z — {0}.

Since A, < A, we know from the first paragraph in the proof of
Claim 3.4 that there is a periodic point p € A, such that W*(O(p)) C
Wu(A,). We know that W*(O(p)) is dense in W*(A,). This implies
that W*(z) C W¥(A,). As in the proof of Claim 3.4 there exists a C”
small perturbation f with support in V such that f(z) € W*(A,).

Since f*(V)NV =0 for all n € N, the perturbation had support in
V,and f(z) € W*(A,)NWs(A,) for f. Since W*(A,) is an open set we
know that in a neighborhood of f(z) there is a point y € (W*(A,) —
A) N (W3(Ag) — Ag) and A, < A, for f. O
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We now return to the proof of the lemma. Let
a=(ag,az,a3) €{0,..,j} x{j+1,... M} x{J,...., M}
and I be the set of all such a. Let C2 be the set of all f € C such that

if We(Ay,) NWH%(Ay,) # 0 and A, < Ay, then A,, < A,,. We want
to show that C, = int C is dense in A"(M).

Let f € A" (M) —C,. Then for all neighborhoods U of f there exists
a function g € U satisfying the following:

b WS(Aal) N WU(Aaz) 7£ ®7
o Ay, < A,,, and
o W¥(Au,) NW3(Ay,) = 0.

Then from Claim 3.6 there exists an arbitrarily small perturbation g
of g such that A,, < A,, for g. Since the intersection of the basins
for attractors and repellers is an open condition among the diffeomor-
phisms we know that § € C,. Hence, f € C, and C, is open and dense
in A"(M).

Let

w:ﬂ@

ael

Since [ is a finite set this will be an open and dense set in C. O

Proof of Proposition 3.2. Let V = V; NV, where V; and Vs, are
open and dense sets in A"(M) satisfying Lemma 3.3 and Lemma 3.5,

respectively. Let f € V and A and A’ be attractors such that Ws(A)N

Ws(N) # 0. Fix x € Ws(A) N Ws(A'). Then x € W*(A) for some
basic set A. Then from Lemma 3.5 there exists a hyperbolic repeller
A, such that A, < A and A, < A'. O

Proof of Theorems 1.2 and 1.3. To extend the proofs of Theorems
2 and 3 from [14] to Theorems 1.2 and 1.3 we now need to show that
the lack of strong transversality is not essential in the arguments.

Let U(M) be the set of € Axiom A diffeomorphisms with the
strong transversality condition. Let U (M) consist of all elements of
U(M) that have a periodic sink or source.

To prove Theorem 2 in [14] it is shown there is an open and dense set
Ci1(M) of Uy (M) such that if f € C;(M), then there is a periodic sink
(or source) p such that if g € Z(f), then g = f* in W*(p) (W(p)).
Theorem 1 in [14] (that is similar to Theorem 3.1 in the present work)
is then used to connect the regions to show that ¢ is a power of f for
all of M.
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Similarly, to prove Theorem 3 in [14] it is shown there is a set C(M)
that is residual in U(M) if dim(M) > 3 such that for any f € C(M)
there is a hyperbolic attractor (or repeller) A for f such that if g €
Z(f), then g = f* in W*(A) (W*(A)). Theorem 1 in [14] is then used
to connect the regions to show that g is a power of f for all of M.

Let p be a periodic point of period k for a diffeomorphism f €
A>(M) of an n-dimensional manifold. The periodic point p is non-
resonant if the eigenvalues of D f¥p are distinct and for all (jy, ..., jn) €
N™ such that ) jp > 2, we have

i A NN forall 1 < i <.

For a hyperbolic periodic point it is clear that non-resonance is an open
condition.

Fix p a non-resonant hyperbolic periodic point for f. Let ny; and no
be the dimensions of the stable and unstable manifolds of p, respec-
tively. Then there exists [14, p.90-91] immersions H;(f) and H(f)
such that:

(1) Hy(f)(R™) = W*(p) and H(R")(f) = W"(p),

(2) the immersions vary continuously with f,

(3) As(f) = H;";(f)_l o fElwsg) o H5(f) is a non-resonant linear
contraction of R™, and

(4) Au(f) = HU(S) " o [ lwu(p) o HE(f) is a non-resonant linear
contraction of R"2.

Let J,(f) = (W*(p) " W*(p)) — {p}. Define a map ¢, from J,(f)

into R™ by
o(a) = (Hy(f) (@), Hy(F) "' (a).

Let J,(f) = @(T,(f)). For f € U(M) the transversality of the stable
and unstable manifolds implies that J,(f) is discrete and closed in R".
In the proofs of Theorems 2 and 3 in [14] this is only one place where
the transversality is essential. In the case of Axiom A diffeomorphisms
with the no cycles property it will not be true, generally, that J,(f) is
discrete or closed.

However, in the proofs of Theorems 1.2 and 1.3 the set J,(f) is only
needed for p a periodic point of a hyperbolic attractor. In this case
we know that W*(p) is contained in the attractor and the hyperbolic
splitting says that

(W=(p) N W*(p)) —{p} = W?*(p) h W*(p)) — {p}.

Hence, the arguments for Theorems 2 and 3 in [14] carry over to the
case of Axiom A diffeomorphisms with the no cycles property. This
then shows the following two theorems.
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Theorem 3.7. There is an open and dense set Cy(M) of A°(M) such
that if f € Ci(M) there is a periodic sink or source p such that if
g € Z(f), then g = f* in W*(p) or W"(p).

Theorem 3.8. There is a set C(M) that is residual in A*(M) if
dim(M) > 3 such that for any f € C(M) there is a hyperbolic at-
tractor or repeller A for f such that if g € Z(f), then g = f* in W*(A)
or W*(A).

The proofs of Theorems 1.2 and 1.3 now follow from Theorem 3.1
and the above two theorems. O

4. AXIOM A DIFFEOMORPHISMS OF SURFACES

In this section we prove Theorem 1.4. This Theorem can be seen as
an extension of Theorem 2 in [16] where Rocha examines C! centralizers
of C* Axiom A diffeomorphisms of surfaces. The important difference
is Proposition 3.2, which allows connections for the basins of attractors
and repellers in the C" setting, in particular for 2 < r < oc.

Throughout this section assume that M is a compact surface. Let
AL (M) be the set of all Axiom A diffeomorphisms of M with the no cy-
cles property. Notice that Aj(M) contains all Anosov diffeomorphisms.
Let V, be an open and dense set of Aj(M), where 2 < r < oo, satis-
fying Proposition 3.2. Let C be a connected component of V. Then
each f € C has m basic sets Ag(f), ..., Am—1(f). Furthermore, if f and
f’ are contained in C, then A;(f) is topologically conjugate to A;(f")
for 0 <7 <m —1. Fix N € N such that for each f € C and A a basic
set for f there is a periodic point in A of period k where k£ < V.

Let Cy be an open and dense set of C satisfying the following;:

(1) If f € Cy and p and p’ are periodic points of period k < N for
f, then D, f* and D, f* are conjugate if and only if p’ is in the
orbit of p.

(2) If f € Cx and p is a periodic point of period k < N for f, then
the eigenvalues of p are non-resonant.

Before proceeding with the proof of Theorem 1.4 we show there is an
open and dense set V) of Cy such that for each f € V, if p a periodic
point of period k < N and g € Z(f), then there is a linearization of
W#(p) and W*(p) for f that will also be a linearization for g.

We first show this for saddle periodic points. We will use the follow-
ing theorem of Sternberg from [18].

Theorem 4.1. If g € Diff>(R), g(0) =0, and ¢’(0) = a where |a| # 1,
then there exists a C' map ¢ : R — R with a C* inverse such that
pogop Yx)=ax for all x sufficiently small.
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In the case where the contraction has basin of attraction the entire
real line we have the following corollary that will be useful in proving
Theorem 1.4.

Corollary 4.2. If g € Diff*(R) is a contraction of the reals firing the
origin with ¢'(0) = a where |a| # 1, then there exists a C' map ¢ with
C' inverse such that ¢ o go o' (z) = ax for all x.

Let f € Cy and p be a periodic saddle point of period & < N.
From the Stable Manifold Theorem there exist C? immersions ), :
R — W*(p) and ¢, : R — W*(p). Furthermore, the immersions vary
continuously with f in Cy and the maps

V=1 o ffoand U, =y o fhoy
are C? contractions of the reals with W’,(0) and ¥/ (0) both less than

one in absolute value.
From Corollary 4.2 there exist maps ¢ and ¢, such that

Ff:gpso\IJSogogl andva:%Ouo\IquSO;l

are C'! linear contractions of the reals.
Let g € Z(f). Since g(p) € O(p) there is a unique 0 < ¢ < k such
that (go f*)(p) = p. Let g = go f'. Define

G =g 0t 0 gt ooy, and
Gh=puotoghogop,t.
By definition G?, G? € Diff'(R). Furthermore,

GPFP =g,0poghfoop?
=y ot to fghopop,t = FPGP.

The next lemma shows that G? and G? are linear maps of the reals
fixing the origin.

Lemma 4.3. [10, p. 61] Any C' map defined on a neighborhood of
the origin on the real line and commuting with a linear contraction
L:x— Az, |\ <1, is linear.

For p a periodic sink (or source) we use a different, but similar ap-
proach. Let A\; and Ay be the eigenvalues for p, these are non-resonant,
and |\| < |X\o] < 1. First, Hartman shows in [8] that there is a C!
linearization of the basin of attraction for the periodic sink (or source)
p. Then Rocha shows in [16] that if g € Z(f) we don’t know that g is
linearized, but G? = (uyz, uey) + (0, h(z)) where h: R — R is C' and
satisfies

(1) h(0) =0 and A'(0) =0, and
(2) h(Ax) = Ah(x) for all z € R.
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Let V; C Cy satistying
(A1) if p is a sink (source), then
(a) each connected component of W**(p) (W"*(p)) is contained
in the basin of some repeller, or
(b) there is a saddle-like basic set A; and x € A; such that
We=*(p) and W*(z) (W*(p) and W*(x)) have a common
point of transversal intersection, and
(A2) (a) if pis a sink or saddle and ¢ is a source such that W**(p)N
W*(q) # 0, then W*3(p) and the strong unstable folia-
tion of W*(q), denoted F**(q), have a common point of
transversal intersection,
(b) if p is a source or a saddle and ¢ is a sink such that W**(p)N
W#(q) # 0, then W**(p) and the strong stable foliation of
W=(q), denoted F*°(q), have a common point of transversal
intersection.

It is clear that V; is open and dense in Cy.

Theorem 4.4. There is an open and dense set Vo of Aj(M), where
2 <r < oo, such that if f € Vs and g1, 90 € Z(f) satisfy gi|lv = g2|lv
for some open set U of M, then g, = gs.

Proof. It is sufficient to look at an open and dense set V; of Cy
satisfying (A1) and (A2) above. Let f € V; and suppose that g €
Z(f) such that g|y = id|y. Suppose U is contained in the basin of an
attractor A.

If A is nontrivial, then the linearization of the stable manifold and
the density of the stable manifold in the basin of attraction implies
that glwsa) = id|ws(a). If A is the orbit of a sink p, then Rocha shows
in [16] that glwso)) = id|wso(@))- The theorem now follows since V;
is a subset of V,. O

Proof of Theorem 1.4. We first assume there is an attractor of saddle
type. Then the argument is an extension of one used in Theorem 3 part
(a) of [14]. We will give an explanation of the details. (We will follow
the notation used in [14].) Let A be an attractor of saddle type.

Let Z = R? x (Z/27Z)* and X be the hyperplane in R? such that
01 + 6, = 0. Define £ : Z — X by

X(eb 927 €1, 62) = (0/17 eé)
where 6 = 0; — 1(61 + 05). Let
L= {(91,02,61,62) € Z|91 =0y = 1}
and for € € £ denote the cyclic subgroup generated by € as (¢).
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Let Zy = Z/(¢) and Z; = ker(x)/(€).
Let D be the set of diagonal matrices in GL(2,R). For B € D with
diagonal entries A\; and Ay there is an isomorphism of D onto Z given
by
Log|p| Loglua| g1 po )
Log|A1|" Log|As|" || |psa|

FP 0 GP 0
p_ |Ls p_ |Ys
FP — {O (FL{’)_I} and G? = {O (Gﬁ)_l}
Then the isomorphism ©p» sends F? to

e = (1,1, sgu(F?),sen((F2) ).

O p(diag(p, 12)) = (

Let

This then defines an isomorphism from D/FP to Z,. Denote GP as the
projection of G in Z,. Define J,(f) as in Section 3.

If A is not all of M (the non-Anosov case), then the next proposition,
which is a restatement of Proposition 1 part (a) and (b) in [14] will show
that the centralizer is trivial.

Proposition 4.5. There is an open and dense set V of Cn such that
if f€V and g € Z(f), then

(1) no G € Zy, G # 1z, leaves J,(f) invariant, and
(2) no G € Zy — Zy leaves J,(f) invariant.

For the proof see the proof of Proposition 1 part (a) and (b) in [14].

Then for any f € V if A is a non-trivial hyperbolic attractor or
repeller and g € Z(f), then g = f* for some k € N in W*(A) or W*(A)
from the above proposition. Theorem 4.4 then shows that g is a power
of f on all of M.

If A = M, then the result follows from Proposition 1 of [13]. The
only case left is where all the attractors and repellers are trivial. This
follows from the proof of Theorem 2 in [16]. O

5. HYPERBOLIC SETS FOR COMMUTING DIFFEOMORPHISMS

Before proceeding to the proof of Theorem 1.5 we review some results
from [6]. Let A be a hyperbolic set and V' be a neighborhood of A.
Theorem 1.5 in [6] shows there is a hyperbolic set A D A contained in
Ay = ,ez f*(V) with a Markov partition.

Let A be a hyperbolic set. In the proof of Theorem 1.5 in [6] it is
shown there exist constants e > 0 and v > 0 such that for any v-dense
set {p;}V, in A there is a subshift of finite type ¥4 associated with the



16 TODD FISHER

transition matrix A with

a,:{ L if d(f(pi),p;) <
L0 d(f(pi).p) 2 €

and a surjective map 3: ¥4 — A.

Claim 5.1. If {p;}¥, consists of the orbits of periodic points, then
periodic points are dense in A.

Proof. It is sufficient to show periodic points are dense in X 4. Let
s € 34 and s[—n,n| be a word of length 2n+11in s. Fixi € [-n,n—1].
Then a,,,,,, = 1. To complete the proof we show there is a word w; in
>4 starting with s;;; and ending with s;.

Let m;;1 be the period of py, , and m; be the period of p,,,. Take
the sequence of points

Psiyas f(p5i+l)’ e fmi+1_1(p8i+1)7 f(pSi)7 A3 fmi_l(psz')a fm(psz') = Psi»

and w; to be the associated word in > 4. Let v; be the word obtained
from w; by removing the first entry.
Then there is a periodic point ¢ € ¥ 4 containing the word

sl—n,njvn,_1- - v_p.
Hence, periodic points are dense in ¥ 4. O

Lemma 5.2. Let A be a non-locally maximal hyperbolic set with peri-
odic points dense and V' be a neighborhood of A. Then there exists a
hyperbolic set A D A with a Markov partition contained in the closure
of V and a sequence of periodic points p, € A— A converging to a point
x e .

Proof. Let v > 0 and n > 0 be defined as in the proof of Theorem
1.5 in [6] so that associated to any v dense set of points in A there is a
subshift of finite type associated with the transition matrix as described
above, and so that for any two points z,y € A, where d(z,y) < v, the
intersection W () N W}(y) consists of one point in V.

If A is a non-locally maximal hyperbolic set, then A does not have a
local product structure [10, p. 581]. Hence, there exists points z,y € A
such that d(x,y) < v/2 and W, (z) "W (y) is not contained in A. Since
periodic points are dense in A the continuity of stable and unstable
manifolds implies there exist periodic points ¢; and ¢s in A, of period
my and my, respectively, such that d(qi,q2) < v and W (q1) N W (qa)
is not contained in A.

Let {p;}\, be a dense set of v dense periodic points containing
the orbit of each periodic point, and containing the points ¢; and
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g2. Then there are words w; and wy in ¥4 corresponding to the or-
bits g1, f(q1), .-, f™ 1) and g2, f(g2), .., f™* 7" (qa), respectively. Let
s = (wg.wy) € ¥4 where w; is the infinite repetition of w; for ¢ = 1, 2.
Then

z=B(s) =Wi(q) " W(g2) € A

c A.
Since A is an invariant set we know that @(z) € A—A. Furthermore,
since z € Wy(q1) and ¢ € A we know that f"(z) converges to A as
n — oo. .
From Claim 5.1 the periodic points of A are dense. Hence there is a
sequence of periodic points p, € A—A such that d(p,, f"™(z)) < v/2".
Therefore, p, converges to ¢;. O

Proof of Theorem 1.5 We first note that from Proposition 2.6 there
exists a neighborhood U of A such that if p is a periodic point of f and
p € U, then p € A.

Suppose A is not locally maximal for g. Then there exists a neigh-
borhood V' of A contained in U such that

Ay =) (V)24

neL

is a hyperbolic set. From Lemma 5.2 there exists a hyperbolic set

A D A with a Markov partition that is contained in Ay and a sequence
of periodic points p, € A — A converging to a point x € A. Since each
pn € Pery(g) we know the points p,, are periodic points for f contained
in U — A, a contradiction. Hence, A is locally maximal for g. O

REFERENCES

[1] F. Abdenur, C. Bonatti, S. Crovisier, and L. Diaz. Generic diffeomorphisms
on compact surfaces. Fund. Math., 187(2005), no. 2,127-159.

[2] B Anderson. Diffeomorphisms with discrete centralizer. Topology, 15(1976),
no. 2, 143-147.

[3] C. Bonatti, S. Crovisier, G. Vago, and A. Wilkinson. Local density of diffeo-
morphisms with large centralizers. preprint.

[4] M. Brin and G. Stuck. Introduction to Dynamical Systems. Cambridge Univer-
sity Press, 2002.

[5] L. Burslem. Centralizers of partially hyperbolic diffeomorphisms. Ergod. Th.
Dynamic. Systems, 24(2004), no. 1, 55-87.

[6] T. Fisher. Hyperbolic sets that are not locally maximal. Ergod. Th. Dynamic.
Systems, 26(2006), no. 5, 1491-1509.

[7] J. E. Franke and J. F. Selgrade. Hyperbolicity and cycles. Trans. Amer. Math.
Soc., 245(1978), 251-262.

[8] P. Hartman. On local homeomorphisms of Euclidean spaces. Bol. Soc. Mat.
Mezxicana (2), 5(1960), 220-241.



18
(9]
[10]

[11]

12]
13]
14]
15]
16]
17]
18]

[19]

TODD FISHER

A. Katok. Hyperbolic measures and commuting maps in low dimension. Dis-
crete and Cont. Dynamic. Systems, 2(1996), no. 3, 397-411.

A. Katok and B. Hasselblatt. Introduction to the Modern Theory of Dynamical
Systems. Cambridge University Press, 1995.

N. Kopell. Commuting diffeomorphisms. In Global Analysis (Proc. Sympos.
Pure Math.., Vol. XIV, Berkeley, Calif., 1968), pages 165-184, Providence, R.
1., 1970.

M. Nasu. Textile systems for endomorphisms and automorphisms of the shift.
Mem. Amer. Math. Soc., 114(546), 1995.

J. Palis and J.-C. Yoccoz. Rigidity of centralizers of diffeomorphisms. Ann.
Sci. Ecole Norm Sup. (4), 22(1989), no. 1, 81-98.

J. Palis and J.-C. Yoccoz. Centralizers of Anosov diffeomorphisms on tori. Ann.
Seci. Ecole Norm Sup. (4), 22(1989), no. 1, 99-108.

C. Robinson. Dynmical Systems Stability, Symbolic Dynamics, and Chaos.
CRC Press, 1999.

J. Rocha. Rigidity of the C' centralizer of bidimensional diffeomorphisms.
Pitman Res. Notes Math. Ser., 285(1993), 211-229.

M. Shub. Global Stability of Dynamical Systems. Springer- Verlag, New York,
1987.

S. Sternberg. Local C™ transformation of the real line. Duke Math. J., 24(1957),
97-102.

Y. Togawa. Centralizers of C'-diffeomorphisms. Proc. Amer. Math. Soc.,
71(1978), no. 2, 289-293.

DEPARTMENT OF MATHEMATICS, BRIGHAM YOUNG UNIVERSITY, PrROVO, UT
84602
E-mail address: tfisher@math.byu.edu



