SYMBOLIC EXTENSIONS FOR PARTIALLY
HYPERBOLIC DIFFEOMORPHISMS

LORENZO J. DIAZ AND TODD FISHER

ABSTRACT. We show there are no symbolic extensions C*-generically
among diffeomorphisms containing nonhyperbolic robustly transi-
tive sets with a center indecomposable bundle of dimension at least
2. Similarly, C'-generically homoclinic classes with a center inde-
composable bundle of dimension at least 2 that satisfy a technical
assumption called index adaptation have no symbolic extensions.

1. INTRODUCTION

Symbolic dynamical systems arose as a tool to code complicated dy-
namics by the use of more tractable systems (shift spaces). The exis-
tence of Markov partitions for hyperbolic systems provides an effective
coding of these systems using symbolic dynamics. A natural question
that we address in the present work is to what extent a nonhyperbolic
system can be codified using symbolic systems.

A dynamical system (X, f) has a symbolic extension if there exists a
subshift (Y, o) and a continuous surjective map 7 : Y — X such that
moo = fom; the system (Y,0) is called an extension of (X, f) and
(X, f) is called a factor of (Y, o).

The results in this paper are a first step in proving the following
general principle.

General Principle. Diffeomorphisms with a dominated splitting (for
the precise definition see Section 2.3) of the form ES®E“®E" such that
E* is uniformly contracting, E* is uniformly expanding (these bundles
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may be trivial), and E€ is a nonhyperbolic central bundle that splits in
a dominated way into 1-dimensional subbundles have a symbolic exten-
sion, while those with center (nonhyperbolic) indecomposable bundles of
dimension at least 2, C* generically, do not have a symbolic extension.

This general principle is based on some previous partial results ob-
tained by several authors, for example [2, 23, 33]. In the present work
we address the existence of symbolic extensions for diffeomorphisms
with a 1-dimensional center bundle. In a forthcoming work the authors
together with M. J. Pacifico, and J. Vieitez will address the case where
the center bundle splits into 1-dimensional subbundles. We now state
the precise definitions and theorems related to the general principle.

1.1. Existence of symbolic extensions. Every dynamical system
with a symbolic extension has finite entropy. J. Auslander asked if the
converse holds: namely, whether every system with finite entropy has
a symbolic extension. In fact, the existence of symbolic extensions is
related to the notion of asymptotically h-expansive systems, as defined
by Misiurewicz [30] (in Section 2 we review all relevant notions in the
introduction). A nice form of a symbolic extension is a principal exten-
sion, that is an extension given by a factor map which preserves entropy
for every invariant measure. Boyle, D. Fiebig, and U. Fiebig [12] were
able to show the following:

Theorem 1.1 ([12]). If (X, f) is asymptotically h-expansive, then f
has a principal symbolic extension.

Using a result of Buzzi [16], that states that any C*° diffeomorphism
is asymptotically h-expansive one gets the following:

Corollary 1.2 ([12, 16]). Every C* map of a compact manifold has a
principal symbolic extension.

This result shows the connections between the regularity of the maps
and the existence of symbolic extensions.

We let Diff"(M) be the space of C" diffeomorphisms of a closed
compact manifold M endowed with the usual uniform topology. When
r =1 we simply write Diff(M).

Conjecture 1.3 (Downarowicz and Newhouse [23]). If f € Diff" (M)
and r > 2, then f has a symbolic extension.

In a recent work Downarowicz and Maass [22] have shown the above
conjecture for maps of a closed interval. See also the paper by Burguet
proving that C2-surface diffeomorphisms have symbolic extensions [14].
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Besides the regularity of the system a second ingredient for the ex-
istence of symbolic extensions seems to be hyperbolic-like properties.
This is precisely the idea behind our results. We now give a descrip-
tion of h-expansive systems also called entropy expansive systems, for
a precise definition see Section 2. A diffeomorphism is h-ezpansive if
for any sufficiently small € > 0 and any x € M the set of points whose
forward orbit stays e-close to the forward orbit of x has topological
entropy zero.

Theorem 1.4 (Cowieson and Young, Proposition 6 in [20])). Ewv-
ery partially hyperbolic C'-diffeomorphism with a 1-dimensional center
bundle is h-expansive (entropy expansive) and therefore has a principal
symbolic extension.

We prove the above result in Section 3 as the goal of this paper is
to address the role of partial hyperbolicity in the setting of symbolic
extensions. The proof is essentially the same as in [20].

The above result supports the principle of Pugh and Shub that “a
little hyperbolicity goes a long way” [35] and the suggestion made to us
by Burns [15] that 1-dimensional center partially hyperbolic systems
in many ways behave like the hyperbolic ones. For instance, for these
systems the so called entropy conjecture by Shub ([37]) holds: the
entropy of f is greater than or equal to the spectral radious of the map
induced by f in the real homology group, see [36].

We note that Pacifico and Vieitez [33] proved that a homoclinic
class that is robustly isolated and robustly h-expansive has a partially
hyperbolic splitting where the center direction splits into 1-dimensional
center directions. In another paper Pacifico and Vieitez [34] gave some
conditions that guarantee a system is h-expansive.

From the above theorem we obtain a result concerning existence
of equilibrium states for partially hyperbolic diffeomorphisms with 1-
dimensional center bundle. Before stating the corollary we define equi-
librium states. For X a compact metric space and f a homeomor-
phism of X we let M(f) be the set of invariant Borel probability mea-
sures for f. If f is a homeomorphism of a compact metric space and
© € C°X), then the pressure of f with respect to ¢ and u € M(f)
is P,(p, f) == h,(f) + [ ¢dp. The concept of topological pressure, de-
noted P(yp, f), for a system is a generalization of topological entropy
and corresponds to a “weighted” topological entropy, see [27, p. 623]. In
fact, the topological pressure reduces to the topological entropy when
@ = 0. The wvariational principle for pressure states that if X is a
compact metric space, f is a homeomorphism of X, and ¢ € C°(X),
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then

P(p, f):= sup Pu(p, f).
HEM(S)

A measure p such that P(p, f) = P,(p, f) is called an equilibrium state
and corresponds to a natural generalization of a measure of maximal
entropy. When ¢ = 0 the topological pressure is the topological entropy
and an equilibrium state is a measure of maximal entropy. The next
result is a standard consequence of entropy-expansivity.

Corollary 1.5. If V € C°(M) and f € Diff(M) is partially hyperbolic
with 1-dimensional center bundle, then there is an equilibrium state for
(M, V). In particular, f has a measure of mazximal entropy.

We consider two closely related classes of invariant sets. Namely,
robustly transitive sets and homoclinic classes. We now give the pre-
cise definitions. Given an open set U and a diffeomorphism f, we let
Ap(U) := ez "(U). We say that the set Af(U) is robustly transitive
if A;(U) C U and for every g that is C' close to f the set A,(U) is
transitive (has a point with a forward dense orbit). When U is the
whole manifold we say f is robustly transitive.

The first examples of robustly transitive sets were the hyperbolic
basic sets (including transitive Anosov diffeomorphisms). Examples of
nonhyperbolic robustly transitive diffeomorphisms were constructed by
Shub [38], Mané [29], and others [3, 10]. Finally, the robustly transitive
sets were introduced in [21] as a generalization of these examples.

Theorem 1.6 ([8, 21]). Every robustly transitive set has a dominated
splitting.

In fact, there is a “finest” dominated splitting: that is a dominated
splitting F1@- - - @ Ejy) of Th,ryM such that each subbundle E; of the
splitting is indecomposable (i.e. there is no dominated splitting G; @ F;
of E;), see [8, Theorem 4]. Additionally, some of the examples above
are partially hyperbolic and have a 1-dimensional center bundle.

Homoclinic classes were introduced by Newhouse [31] as a general-
ization of the hyperbolic basic sets. For a hyperbolic periodic point p
of a diffeomorphism f its homoclinic class, H(p, f), is the closure of
the transverse intersections of the stable and unstable manifolds asso-
ciated with the orbit of p. In contrast to the robustly transitive sets,
homoclinic classes may fail to have any kind of weak hyperbolicity. For
instance, they may not have a dominated splitting (the simplest ex-
ample is a homoclinic class on a surface with a homoclinic tangency).
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If a homoclinic class has a dominated splitting, then the finest domi-
nated splitting for a homoclinic class is defined as above. We have the
following result that is an immediate consequence of Theorem 1.4.

Corollary 1.7. Every robustly transitive set or homoclinic class whose
center bundle is 1-dimensional has a principal symbolic extension.

As a remark, we observe that this result shows that super-expo-
nential growth of the number of periodic points does not preclude the
existence of symbolic extensions. Specifically, the C*-generic nonhyper-
bolic diffeomorphisms satisfying Corollary 1.7 have super-exponential
growth of the number of periodic points [7].

1.2. Non-existence of symbolic extensions. Boyle, D. Fiebig, and
U. Fiebig [12] constructed a number of topological examples that have
no symbolic extensions. The first examples of diffeomorphisms with
no symbolic extensions were constructed by Downarowicz and New-
house [23]. They show that a generic area-preserving C! diffeomor-
phism of a surface is either Anosov or has no symbolic extension. This
result relies on the existence of persistent homoclinic tangencies.

Asaoka [2] (see also [40]) gives examples of diffeomorphisms in a 3-
dimensional disk with C! persistent homoclinic tangencies, and uses
the result of Downarowicz and Newhouse, to show that for any smooth
manifold M with dim(M) > 3, there exists an open subset of Diff (M)
in which generic diffeomorphisms have no symbolic extensions.

We now describe another class of C! generic diffeomorphisms without
symbolic extensions, and show how this is related with non-hyperbolic
properties.

1.2.1. Robustly transitive sets. Let U be an open set in a closed man-
ifold M. Let 7(U) be the open set of diffeomorphisms, f, such that
A4(U) is robustly transitive. Denote by 7""(U) the subset of 7 (U) of
diffeomorphisms, f, such that A,(U) is not hyperbolic for every diffeo-
morphism g in a C! neighborhood of f. This implies that there is an
open and dense subset 77"*(U) of T""(U) of diffeomorphisms g such
that Ay(U) contains saddles having different s-indices (dimension of
the stable bundle of the saddle). This assertion follows using standard
arguments in the C'-topology. Just observe that in this case there are
periodic points in A¢(U) having arbitrarily large period and whose rate
of contraction/expansion is close to one. Then it is possible to change
the index of these points after an arbitrarily small perturbation along
their orbits. The robustly transitivity assumption implies that these
new saddles also belong to the set. See the arguments in [8, 21].
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Consider the finest dominated splitting defined over A¢(U),
TAf(U)M:El@Ez@---@Ek

where dim(E;) = d; for 1 <i < k. We say that A;(U) has an indecom-
posable central bundle of dimension at least 2 if there are 1 < i < k
and saddles p’ and ¢’ in A;(U) such that

s-index of p’ < dy + -+ +d; < s-index of ¢/ < dy + -+ diq

and d;1 > 2. This means that F;,; is an indecomposable center (non-
hyperbolic) bundle of dimension at least 2 since F;,; is contracting for
p" and expanding for ¢'.

Theorem 1. Given any open set U of M there is a C' residual set R
of the open set T (U)nh with the following property.

Consider a diffeomorphism f € T(U)3" and a neighborhood Vs of f
such that for every g € V¢ N'R the set Ay(U) has an indecomposable
central bundle of dimension at least 2.

Then for every g € RN Vs the set Ay(U) has no symbolic extension.
In particular, any g € R N Vs has no symbolic extension.

The proof of this this theorem has two main ingredients: First, the
existence of an indecomposable central bundle of dimension two (or
greater) yields homoclinic tangencies associated to saddles of A;(U).
Second, since f € T(U)3" the set A;(U) contains saddles of different
indices, this allows these tangencies to persist.

Relevant systems satisfying Theorem 1 are the DA-diffeomorphisms
of the 3-torus,T?, obtained via Hopf bifurcations having a central non-
hyperbolic bundle of dimension two. In this case T® = U = A;(U)
and f is partially hyperbolic. Another example of the same nature
are the diffeomorphisms of the four torus, T#, that are DA-like diffeo-
morphisms. In this case, U is the entire manifold T* and the unique
non-trivial dominated splitting of the system is of the form E & F
where both E and F' are two-dimensional and nonhyperbolic. For de-
tails see [10].

1.2.2. Homoclinic classes. There is a corresponding result of Theo-
rem 1 for homoclinic classes. As in the case of robustly transitive
sets, given a saddle p of a diffeomorphism f there is defined the finest
dominated splitting of its homoclinic class H (p, f)

Ty M =E, ® Ey® -+ @ Ey

where dim(E;) = d; for 1 <i < k and each bundle is indecomposable.
The finest dominated splitting is uniquely defined.
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In principle, a nonhyperbolic homoclinic class H(p, f) may contain
saddles having s-indices different from the one of p (in fact, in the case
of nonhyperbolic robustly transitive sets this is a typical feature). We
say that the homoclinic class H(p, f) has an indecomposable central
bundle of dimension at least 2 adapted to its s-indices ' if there are
1 <i < k and saddles p’ and ¢ in H(p, f) such that

s-index of p’ < dy +---+d; < s-index of ¢ < dy + -+ + djyq.

As above, the indecomposable bundle FE;,; is nonhyperbolic and its
dimension is at least 2. In the next theorem the fact that there is a
non-dominated central bundle of dimension greater than or equal to
2 is a key ingredient. As in Theorem 1, this property allows us to
get homoclinic tangencies. The fact that the indecomposable central
bundle is adapted to the s-indices of the homoclinic class allows us to
make these tangencies persistent.

Theorem 2. There is a residual set R of Diff(M) with the following
property. Consider f € R, a saddle py of f, and a neighborhood Vs of
f in Diff (M) where the continuation p, of ps is defined for all g € Vy.

Suppose that for every g € V¢ N'R the homoclinic class H(pgy, g) has
an indecomposable central bundle of dimension at least 2 adapted to its
s-indices.

Then for every g € RNV the homoclinic class H(py, g) does not
admit a symbolic extension. In particular, any g € R N Vs has no
symbolic extension.

An equivalent formulation of Theorem 2 is the following. For each
k € N, consider the subset Per(H (py, f))r of H(py, f) consisting of
saddles of s-index k (this set may be empty) and the stable/unstable
splitting £* @ E" defined over the saddles in Per(H (py, f))x-

Theorem 3. There is a residual R of Diff (M) with the following prop-
erty. Consider f € R, a saddle py of f, and a neighborhood V¢ of f in
Diff (M) where the continuation p, of py is defined for all g € V.

Suppose that for every g € V¢ N'R there is ky such that the sta-
ble/unstable splitting defined over Per(H (py, f))r, is not dominated.

Then for every g € R NV the homoclinic class H(py, g) does not
admit a symbolic extension. In particular, any g € R N Vy has no
symbolic extension.

I principle, for homoclinic classes the indecomposable bundle F; (for instance)
of a C' generic diffeomorphism may be nonhyperbolic and every saddle of the
homoclinic class may have s-index strictly greater that di, this is the reason we
speak of a splitting adapted to the s-indices.
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We observe that the generic systems satisfying Theorem 1 also satisfy
Theorems 2 and 3. Other examples of systems satisfying Theorems 2
and 3 are the diffecomorphisms with persistent tangencies in [2, 4, 6, 40].

The proofs of Theorems 1, 2, and 3 rely on the arguments of Dow-
narowicz and Newhouse in [23]. The idea of the argument is that when
there are persistent flat homoclinic tangencies, then it is possible to
create arbitrarily small horseshoes with relatively large entropy (horse-
shoes with emerging entropy, see Section 4.1.3). These arguments are
all two dimensional and their translation to higher dimensions is not
straightforward. As in Asaoka’s paper, we borrow these ideas and
adapt them to a higher dimensional context. As the proof of the non-
existence of symbolic extensions in [2] is quite brief and refers to the
arguments in [23] and it considers a very specific dynamical configu-
ration, we consider it is important to give a complete explanation of
these argument in the general case, see Section 4.

Let us observe that the main difference between the proofs of The-
orem 1 (for robustly transitive sets) and Theorems 2 and 3 (for ho-
moclinic classes) is that in the robustly transitive case the horseshoes
with emerging entropy are inside the robustly transitive set by defini-
tion, while in the case of homoclinic classes one needs some C'-generic
arguments to guarantee that these horseshoes are in the homoclinic
class. This makes the proof for robustly transitive sets simpler.

2. BACKGROUND

In this section we review some facts on subshifts, entropy, asymptotic
h-expansivity, hyperbolicity, and weak forms of hyperbolicity.

2.1. Subshifts. If we let A = {0,...,m — 1}, then the full m-shift is
the space ¥,, = A% endowed with the product topology together with
the map o : ¥,,, — X, defined by o(s) =t where t; = s;4; for all 1 € Z
and all s = (s;) € X,,. A shift space is a closed, shift invariant subset
of a full shift.

2.2. Entropy. We now review some basic definitions of topological
and measure theoretical entropy, for details see [41]. Let (X,d) be a
compact metric space and f be a continuous self-map of X. The d,
metric on X is defined as

dn(z,y) = max d(f'(z), f'(y))

0<i<n-—1

and is equivalent to d and defined for all n > 0. For aset Y € X
aset A CY is (n,e€)-spanning if for any y € Y there exists a point
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x € A where d,(z,y) < e. The minimum cardinality of the (n,e¢)-
spanning sets of Y is denoted r,(Y,€). The topological entropy for a
system (X, f) is

hiop(f) == liII(l) (hmsup log 7, (X, e))

Let (X, B, ) be a Lebesgue measure space with p(X) = 1. A par-
tition of X is a collection & of measurable sets, £ = {C, € B|a € I},
such that

L :U'(X/ Uae[ Ca) = 07
o 1(Cy) >0 for all @ € I, and
e u(C,, NC,,) =0 for ay # as.

For partitions & and v the joint partition of & and v is
Evv:={CnNnD|Ce& Dev, u(CnD)>0}.

Let f be a measure preserving transformation of (X, B, u). For a
measurable partition £ and n € N we define the joint partition of £
with respect to f for n to be the partition

(1) & =EV IOV V).
The metric entropy of f relative to the partition & is
1 ¥
2) hullf,€) i= T —H, ()
where
== 1(Ca)log pu(Cy).
aecl

Then the entropy of f with respect to p is
h,(f) == sup{h,(f,&)| € is a measurable partition with H,(§) < oco}.

We now review the definitions of h-expansivity and asymptotic h-
expansivity. Given a subset Y C X we let

1 8
7(Y,€) := limsup — 1ogrn(Y €) and h(f,Y):= lii%f(Y, €).

n—oo

We denote the closed ball with center at x and radius € in the d,, metric

as B"(x). Let
= B (@)
n=1

h(e) := sup hf, ®(x)).

zeX

Then
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The map f is h-ezpansive (entropy expansive) if there exists some ¢ > 0
such that hi(e) = 0 for all € € (0,¢). The map f is asymptotically h-
expansive if

11_1)% h(e) = 0.
2.3. Hyperbolicities. We now review some definitions and facts of
weak forms of hyperbolicity, for details we refer to Appendix B.1 in
[9]. For a diffeomorphism f of M, an f-invariant set A (not necessarily
closed) has a dominated splitting if the tangent bundle Ty M has a
D f-invariant splitting E & F' such that the bundles £ and F' are both
non-trivial and the fibers F(z) and F'(z) have dimensions independent
of x € A and there exists ¢ € N such that, for every x € A and every
pair of unitary vectors u € E(x) and v € F(z), it holds that

Dftw)] _ 1

IDfi(v)] — 2
In this case, we write £ ©_ F' to denote that F' dominates E.

A D f-invariant bundle F' defined over A is indecomposable if there
is no dominated splitting F' = F; &_ F, over A with two non-trivial
subbundles.

In some cases, we need to consider splittings having several bundles.
A D f-invariant splitting

ITA\M =E,®---® L}

is dominated if for all i = 1,..., (k— 1) the splitting TAM = Ei & EF.,
is dominated, where Ef =FE,®--- DL, for 1 <j</{<k In this
case we use the notation £y &_ --- ©_ .

We say that the dominated splitting T\M = E; &_ --- &_ Ej of A
is the finest dominated splitting over A if for all i = 1, ...k the bundle
E; is indecomposable. The finest dominated splitting of a compact
f-invariant set is uniquely defined.

An f-invariant compact set A is partially hyperbolic if it has a dom-
inated splitting

TAM=E,&®_---®_Ej

such that either the bundle FE; is uniformly contracting or the bundle
E} is uniformly expanding. A diffeomorphism f is partially hyperbolic
if the whole manifold M is partially hyperbolic.

Proposition 2.1 (Appendix B.1 in [9]). Properties of dominated split-

tings:
(1) Continuity and extension to the closure. A dominated splitting
E\@®_ - ®_ Ey is continuous. This implies that a dominated
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splitting defined over a set A can be extended in a dominated
way to the closure of A.

(2) Uniqueness. Consider two f-invariant sets ¥ and A, A C X.
Suppose that ¥ has a dominated splitting £y ©_ --- ®_ Ej and
that A has a D f-invariant splitting Fy @ --- ® Fy with E; N
F; # {0} and dim(E;(x)) = dim(F;(x)) for all x € A. Then
E;(x) = Fy(z) for all x and therefore the splitting F1 @ --- @ Fy
over A is dominated.

(3) Persistence. Dominated splitting and partial hyperbolicity per-
sist under C' perturbations. More precisely, consider an f-
invariant compact set A with a dominated (resp. partially hy-
perbolic) splitting. Then there are a neighborhood U of A and a
C* neighborhood Vy of f such that, for all g € Vy, the mazimal
invariant set of g in U, Npezg™(U), has a dominated splitting
of the same type as the one of A.

An application of Proposition 2.1 is the following: Consider domi-
nated splittings defined over infinite sets of hyperbolic periodic points.
Then the closure of this set of hyperbolic periodic points has an exten-
sion of the splitting and the splitting is dominated.

For a partially hyperbolic diffeomorphism f with a splitting E° &
E¢@® E" there exist unique families 7" and F* of injectively immersed
submanifolds such that F*(z) is tangent to E’ for i = s,u, and the
families are invariant under f. These are called, respectively, the un-
stable and stable foliations of f. For the center direction it is known,
in the general case, that there is no foliation tangent to the center bun-
dle [24]. If the center bundle is 1-dimensional, then there always exist
curves tangent to the center direction through every point. Such curves
are called central curves. However, these curves need not be unique due
to the fact that the center bundle, in general, is not Lipschitz.

3. PARTIALLY HYPERBOLIC DIFFEOMORPHISMS WITH
1-DIMENSIONAL CENTER FOLIATIONS

In this section we outline the proof of Theorem 1.4 and prove Corol-
laries 1.5 and 1.7. We will see that the set of points in ®.(z) (for €
sufficiently small) will be a subset of the e-center-stable set for x. In
the stable direction there is no exponential growth in the spanning sets
and the existence of a 1-dimensional center bundle implies that the
growth of spanning sets is at most subexponential. This implies that
for e sufficiently small and any x € M we will have h(f, ®.(z)) = 0. So
f is h-expansive.
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3.1. Proof of Theorem 1.4. Before proceeding we define some nota-
tion. For a curve n in M its length is denoted by |n|.

.
.....
-------

FIGURE 1. Foliation box

Let f € Diff(M) be partially hyperbolic with 1-dimensional center
bundle. Throughout the rest of the proof we assume that TM = E* @
E¢ @ E" with each subbundle nontrivial. The case where E® or E" is
trivial is a simplification and is omitted. We let dim(E®) = s.

The first step of the proof is to show that there exists a “foliation
chart” on a uniform scale. More precisely, define A as the maximal
expansion of the derivative of f and select constants dg, 01,2 > 0 sat-
isfying the following:

e for every curve v tangent to E° with |y| < Ady and every s-
disk A* C F* with s-diameter less than d; one has that v N A*®
contains at most one point; and

o for every (s + 1)-disk T of the form

T =% ),
yey
where v is a curve tangent to E°¢ with length bounded by &g
and Fj (y) is the d;-disk centered at y contained in F*, and
every u-disk A" C F* with u-diameter less than d, one has
that T N A" contains at most one point.
We select small 6 > 0 such that Ad < 9; for i = 0,1, 2.
Fix ap € (0,0/2). For each € M consider a curve y(z) tangent
to E° containing = with radius ag. (So the extreme points of v(z) are
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at distance «aq from x, where oy < 0/2.) This is possible since E° is
I-dimensional. By construction, F3 (2) N~y(x) consists of at most one
point for all x and z. We let

'y(x Oco U

y€y(z)

For small 7, € (0, ap) we define

V»ys(’ﬁ),aﬁ(x) = U Fr(z).

2EV ) a(a)

Finally, for notational simplicity, we let « = 7 and write

V‘/(x( ) V«/s(g aa( )

Note that every V,(,)(z) contains a ball B(z)(x), where €(x) is a lower
semi-continuous function. Therefore, by compacity of M, for every
€ > 0 sufficiently small and x € M we have

Be(x) C Vi ().
Note that this inclusion holds for all y(x) as above. See Figure 1.

Remark 3.1 (Foliation chart). As in [20] we have selected oy in such
a way that for all central curve n of size Xy the cube

V, =V

7,000

provides a foliation chart. (This means that locally the strong stable
and strong unstable leaves are diffeomorphic to E° and E“. See for
instance [18, p. 19] for a precise definition of a foliation chart.)

Lemma 3.2. For every x € M and € small enough it holds that

ﬂ Bi(x) C Vig,al®).

Proof: Consider the forward orbit of x and define x,, = f"(x). For
each n we define a central curve v, = v(f"(x)) = 7(x,) such that
Yo is “compatible” with f(7,-1). Meaning that each component of

f(yn—1) = {f"(x)} either contains a component of v, — { f™(z)} (so the
component of f(v,_1)—{f"(x)} overflows a component of ~, —{f™(x)})
or the component is a subset of one of the components of ~,, — { f"(z)}.

Define the components v (z,,) of v, () \ {z,}, then the sets f(7F)
and %il are either nested or disjoint.

The “cubes” V,, (x,) containing B¢(z,) are defined as above.
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Let z € ®.(x). By definition and construction, f"(2) = 2, € V,, (z,)
for all n > 0. We let y = y(z) be the unique point in V3, (z) such
that z € F*(y) and ¥’ = y'(2) be the unique point in y(z) such that
y € Fi(y'). See Figure 1.

Write y, = y(z,) and y), = v/'(z,).By construction, y/, € ~,, other-
wise, by Remark 3.1, z,, & Be(zy,).

If z, # y,, then the uniform expansion along the unstable direction
implies that there is a first n such that z, and y, can not be in the
same foliation chart of radius a. To be more precise, by hypothesis, we
know that y, is in V7, (x,,) for all n. If z, # y,, for some n the uniform
expansion along the unstable direction implies that there is a first m
such that z,, & V,, (z,,). Hence, z,, ¢ B.(x,,), a contradiction. This
ends the proof of the lemma. O

Define

r(r) o= () ")
n>0

Given a central curve 7 of size at most dp and a point y € V*, we
let 3 be the unique point in 7 such that y € F2(y'). The definition of
y and y' immediately gives the following:

Fact 3.3. Lety € ®.(x). Theny' € T'°(x).
This fact implies that
|f(T(x))] < 2d.
A folklore fact implies that the growth of an (n, d)-spanning set in I'“(z)
is subexponential for all § > 0, see for instance [17, Lemma 3.2].

The next lemma will show that f is h-expansive, completing the
proof of Theorem 1.4.

Lemma 3.4. For every x € M and all 6 > 0 small enough,

1
7(Pc(x),d) = limsup —r,(Pc(z),d) = 0.
n—oo 1

Proof: Since f is uniformly contracting in the stable direction we know
that any exponential growth of the spanning sets for ®.(x) occurs along
['“(z). This means that we can focus on the growth of (n,d)-spanning
set in T'(x). More precisely:

Fact 3.5. Let Y be an (n,0/2)-spanning set in I'°(x). Then Y is a
(n,d)-spanning set in Vie(oy.a for all n sufficiently large.

)

By the comments above, this growth is subexponential and the proof
of the theorem is complete. O
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3.2. Proof of Corollary 1.5. The existence of a principal symbolic
extension implies the existence of equilibrium states. This result ap-
pears to be folklore so we provide a proof for completeness.

Indeed, assume there is a principal symbolic extension, (Y, o), of
(X, f) with a semi-conjugacy 7. So if i is an invariant Borel probability
measure for (Y, o), then the measure theoretic entropy of u is equal
to the measure theoretic entropy of m.(i), i.e., hy = hr (); see [3].
Consider a potential V' € C°(X). Then V o is a continuous potential
on Y. Let p be a invariant Borel probability measure for (Y, o). Then
w — p(V) is continuous (where the topology on the set of invariant
Borel probability measures is the weak* topology). As Y is expansive
we know that the function mapping p to the measure theoretic entropy
with respect to u is upper semi-continuous; see for instance [32]. Hence,
the pressure on (Y,V o m) is upper semi-continuous and (Y,V o )
has at least one equilibrium m; see for instance 28, Theorem 4.2.3].
Since (Y, o) is a principal symbolic extension we know that m,(m) is
an equilibrium state of (X, V).

3.3. Proof of Corollary 1.7. It is enough to argue exactly as in Sub-
section 3.1 considering a small neighborhood of the robustly transitive
set where the bundles can be extended (recall Proposition 2.1) and
consider balls in this neighborhood.

4. DIFFEOMORPHISMS WITH NO SYMBOLIC EXTENSIONS

This section consists of two parts. We first consider in Section 4.1
robustly transitive sets and prove Theorem 1 about non-existence of
symbolic extensions for a large class of these sets (those having an
indecomposable central bundle of dimension at least two).

The arguments for proving analogous results for homoclinic classes
(Theorems 2 and 3) are similar, but they involve some additional tech-
nical difficulties, see Section 4.2. This is the reason we first discuss the
simple case of robustly transitive sets. This allows us to present the
main ideas in the proofs while avoiding technicalities.

A necessary condition for a system to have no symbolic extension
is that there is additional entropy that is “hidden” in the multi-scale
structure of the dynamics. For the systems we investigate, with no
symbolic extensions, we will have the following principle in [23]:

General Principle: Obstruction for the existence of symbolic
extensions: there exists some € > 0 such that at any n-scale (where
n > 0) there exists a horseshoe with entropy at least € that at the n-scale
appears to be a periodic orbit with zero entropy.
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These horseshoes we call horseshoes with emerging entropy. More
precise definitions are given in Section 4.1.3.

A first step in the construction of such systems is the existence of
a central indecomposable bundle of dimension at least two that yields
persistence of tangencies. After a small perturbation these tangencies
generate horseshoes with emerging entropy inside the transitive set.
This fact will prevent the existence of symbolic extensions.

In fact, all periodic points and horseshoes (including those with
emerging entropy) obtained throughout our construction are in an ar-
bitrarily small neighborhood of the transitive set. Thus, by definition
of robustly transitive set, they are inside the transitive sets. In the case
of homoclinic classes, one needs to guarantee that the horseshoes with
emerging entropy are contained in the class. This relies on properties
of O generic diffeomorphisms and a careful analysis of the generation
of these horseshoes.

4.1. Robustly transitive sets. In this section we first explain how
the existence of a center indecomposable bundle of dimension at least
2 generates persistent homoclinic tangencies, see Proposition 4.2. This
proposition is proved in Section 4.1.2. In Section 4.1.3, to get the
non-existence of symbolic extensions, we will use the 2-dimensional
arguments in [23]. For that we need to consider special saddles in
the robustly transitive set (saddles with real multipliers) and see that
the tangencies occur in a local normally hyperbolic surface. These
tangencies yield horseshoes with emerging entropy. We explain how
the non-existence of symbolic extensions follows from the existence of
such horseshoes. Finally, in Section 4.1.4, we prove Theorem 1.

4.1.1. Persistence of homoclinic tangencies. Let us first introduce some
notations and review the constructions in [4, 8, 11].

Consider an open set U of M. Recall that 7(U) is the (open) set
of diffeomorphisms f such that Af(U) is robustly transitive and that
T (U) is the (open) subset of 7(U) of diffeomorphisms f such that
the set A,(U) is not hyperbolic for every diffeomorphism g¢ close to f.
We now let 7;**(U) be the open subset of 7™ (U) of diffeomorphisms
f such that there is a neighborhood V of f such that for each g € V
the set A,(U) has a nonhyperbolic center indecomposable bundle of
dimension at least 2.

Define NV(U) as the set of diffeomorphisms f € Diff (M) such that
Af(U) is robustly transitive and contains periodic points of different
s-indices (dimension of the stable bundle). By definition N (U) C
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T (U). We let s~ (f,U) and s*(f,U) be the minimum and maxi-
mum of the indices of periodic points of A¢(U). The set N'(U) is open
and dense in 7™ (U), see [11].

Given a diffeomorphism f € N (U), we consider the finest dominated
splitting By @ Eo @_ - ®_ Eppuy of Ap(U). We let oo = o f, U) be
the first j € {1,...,k(f,U)} such that £} is not uniformly contracting.
Similarly, we let 5 = B(f,U) be the last j € {1,...,k(f,U)} such that
E; is not uniformly expanding. Then E; @ --- @ E,_; is uniformly
contracting and Egy @ -+ - @ Ej(yv) is uniformly expanding.

Proposition 4.1 (Corollary C in [11]). There is an open and dense
subset V(U) of N'(U) such that following maps are locally constant:
the number k(f,U) of bundles of the finest dominated splitting, the
dimensions d; of these bundles, and the numbers o(f,U) and B(f,U).
Furthermore, the functions s~ (f,U) = s~ and st(f,U) = sT are locally
constant in V(U) and for every j € [s~, sT| the set of saddles of s-index
J is dense in Ay(U).

We are ready to state a key result about persistence of tangencies.

Proposition 4.2. Let V(U) be the open and dense subset of N'(U) in
Proposition 4.1. Consider f € V(U)NT;""(U) andl € [o(f,U), B(f,U)]
such that d; > 2. Suppose that there is a saddle py € Af(U) and k > 1
such that

di+ -+ diy + k< seindex(pg) < dy+ -+ diy + dy

whose continuation is defined for every g in a C* neighborhood Uy C
V(U)NTMU) of f. Then there is a dense subset D of Uy consisting
of diffeomorphisms with homoclinic tangencies associated to p,.

We observe that this proposition is a particular case of Proposi-
tion 4.17 (see [25, Theorem 6.1.1]) and it admits a quite simple proof
that we will sketch for completeness.

Remark 4.3. If f € V(U) N T"(U) then by Proposition 4.1 there
exists some | € [, 8] such that d; > 2 and therefore there is a saddle
py as in Proposition 4.2.

Before proceeding with the proof of Proposition 4.2 we define some
notation and make some comments. Fix a component C(U) of V(U) N
T,"M(U) where the maps in Proposition 4.1 are constants and let

(3) r=dy+--+do+k
We consider the following subsets of A¢(U):
e Per(f,U) is the set of periodic points ¢ € Af(U),
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e Per(f,U); is the subset of Per(f, U) of periodic points of s-index
7.
Given a periodic point ¢ we denote by 7(q) its period and by

A(q)s -5 Anla)

the eigenvalues of D f™(?(g) counted with multiplicity and ordered in
non-decreasing modulus. We say that \;(q) is the i*" eigenvalue of q.
e Perg(f,U) is the subset of Per(f,U) of periodic points ¢ whose
eigenvalues \;(q) are all real and different in modulus.
o Perg(f,U); := Perg(f,U) N Per(f,U);.
e Perg(f,U)7 is the subset of Perg(f,U); of points of period n.
o Perc(f,U);  j+1 is the set of periodic points ¢ € A¢(U) such that

A (@)] < [A(@)] = [Aja(@)] <1 < [Aj12(q)]
and A;(¢) and \;41(q) are non-real. Note that ¢ has s-index
J+ 1L
Fix r as in equation (3) and consider the following subsets of C(U):
e DWU) :={g € C(U): Perg(g,U), and Perg(g,U),,1 are both
dense in A, (U)}.
e OU) :={g € C(U): the sets Perg(g,U),, Perg(g,U),+1 and
Perc(g,U),,+1 are all non-empty}.
The next remark is just a dynamical reformulation of results about
cocycles in [8, Lemmas 4.16 and 5.4], for details see [11].

Remark 4.4. Let C(U) and r be as above.
e D(U) is residual in C(U).
e O(U) is open and dense in C(U).

An immediate and standard consequence of Hayashi’s Connecting
Lemma [26] is the next remark.

Remark 4.5. There is an open and dense subset of C(U) such that
for every g € C(U) and any pair of saddles q, € Per(f,U),4+1 and
q, € Per(f,U), one has that W*(q,) and W*(q,) have some trans-
verse intersection. Moreover, there is h arbitrarily close to g such that
W (qn) N W5(q,) # 0 (i.e., the diffeomorphism h has a heterodimen-
sional cycle associated with q, and qj,).

4.1.2. Sketch of the proof of Proposition 4.2. If we omit the condition
of the persistence of the tangencies, this proposition is just Theorem F
n [11]. We now explain how the persistence is obtained. This follows
from standard arguments in the C' topology. We recall the main steps.
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A W*(pg)
A= e

Dy

FIGURE 2. Unfolding of a cycle for p, to create a tangency

Fix a saddle p, of s-index r as in the proposition. By Remark 4.4,
after a perturbation, we can assume that A (U) contains a saddle ¢, €
Perc(g,U)rrt1. Applying Remark 4.5 with ¢, = p,, we can assume
that W*(p,) and W*(q,) has some transverse intersection. Thus, we
can assume that W"(p,) spiralizes around W*(q,). By Remark 4.5,
after a perturbation, we can get an intersection between W?*(p,) and
W*(q,) (obtaining a cycle associated to p, and g,). Unfolding this cycle,
one gets a homoclinic tangency associated to p,. These arguments are
depicted in Figure 2. See for instance Section 2.2 of [4] for details.

4.1.3. Downarowicz-Newhouse construction. To begin this section we
review the condition given in [23] that guarantees the non-existence
of symbolic extensions (see Theorem 4.7). Using Proposition 4.2 we
will then verify that there is a residual set R in 7Z;**(U) such that
each f € R satisfies this condition, and therefore every f € R has no
symbolic extension.

As we will examine invariant measures for a system (X, f), we re-
view some basic facts of invariant measures. Let M(f, X) be the set
of invariant probability measures and M.(f, X) be the set of ergodic
invariant probability measures for (X, f). If f is a homeomorphism of
a compact metric space, then M(f, X) is nonempty and satisfies the
following (see [13, Section 4.6]):

o M(f,X) is convex and compact for the weak*-topology, and
o M.(f, X) is precisely the extreme points of M(f, X).

Let p(+,-) denote a metric on M(f, X) giving the weak*-topology.
A sequence of partitions {ay} is essential if
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e diam(ay) — 0 as k — 0, and
e (OJag) = 0 for any u € M(f, X), where Oay is the union of
the boundaries of the elements in the partition .

A simplicial sequence of partitions is a sequence {ay} of nested par-
titions (each «y is a refinement of ay,_1) whose diameters go to zero and

such that for each «y the partition is given by a smooth triangulation
of M.

Proposition 4.6 (Proposition 4.1 in [23]). Let {ax} be a simplicial
sequence of partitions of M. Then there is a residual set S C Diff (M)
such that if f € S, then {ax} is an essential partition for f.

The next result is the condition used to prove that there is no sym-
bolic extension.

Theorem 4.7 (Proposition 4.4 in [23]). Let {ay} be an essential se-
quence of partitions on M. Suppose there exists an e > 0 and a compact
set E C M(f, M) such that for every u € € and every k > 0,

hmsup (hu(f) - hu(aku f)) > €.

v—u,veE

Then a symbolic extension for f does not exist.

The construction of the set £ involves measures supported on hy-
perbolic basic sets. By [39] these measures can be obtained as limits
of periodic measures defined as follows: Let f € Diff(M) and p be a
hyperbolic periodic point for f with period 7(p). Then the periodic
measure for p is

7(p)—1
_E
Hp -= T(p) i fi(p)
where dyi(,) is the point mass at f*(p).

Using Proposition 4.2 we will construct £ as the closure of a certain
set of periodic measures.

Note that it is enough to prove Theorem 1 for the set V(U) NUy,
see Proposition 4.1 and Proposition 4.2. Therefore, the number r =
di + -+ d;_1 + k in Proposition 4.2 remains fixed from now on.

Let X;(¢q) be the j-th eigenvalue of a saddle g. We let x;(¢) be the
j-th Lyapunov exponent of ¢, i.e.,

1
x;(q) == @ log(|A;(9)]),

and define

(4) X;(f,U) == inf{x;(q) : ¢ € Perg(f,U);}.
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For an ergodic measure p we let x;(x) be its j-th Lyapunov exponent.
A hyperbolic set A is subordinate to a partition & if there exist com-
pact sets Ay, ..., A; for some j > 1 such that
o A=UL A
o f(A;)) =Ny, for1 <i<j—1, and f(A;) = A4, and
e A; is contained in a single element of the partition £ for all
1<i<j.

Definition 4.8. A diffeomorphism f with an essential sequence of sim-
plicial partitions {oy} satisfies property S if for each ¢ € Perg(f,U)7}
the following hold:
(a) there exists a 0-dimensional hyperbolic basic set A(q,n) for f
such that

A(g,n) Nday, = 0 and A(g,n) C Ap(U),

(b) the set A(g,n) is subordinate to a,,
(c) there is a p € M.(f,A(g,n)) such that

() = xa@)] < - (a),

and
(d) for every u € M.(f,A(g,n)) we have

) < - and () = xi(@)] < i),

Let f € O(U) (see Remark 4.4) and let 7,.(f, U) be the minimum pe-
riod of points in Perg(f,U),. We let R} be the set of diffeomorphisms
in O(U) with 7,.(f,U) = m.

For m < n let D" be the set of R]" of diffeomorphisms satisfying
property S

Lemma 4.9. For every m and sufficiently large n the set D" is open
and dense in R".

Proof: The proof of the above lemma follows from the proof of Lemma
5.1 in [23]. Since the sets A(g,n) are hyperbolic the sets D" are open
(see [23, page 471]). Thus the crucial point is density and for that we
use Proposition 4.2. We now go into the details of the proof.

Fix n and m, with m < n, and consider a diffeomorphism g € R}
and a saddle ¢ € Perg(g,U)”. By Proposition 4.2, after an arbitrarily
small perturbation we can assume that g has a homoclinic tangency
associated to ¢. Note that the r-th and (r+1)-th multipliers of ¢ satisfy
the following

|)‘r—1(Q)| < |)\T(Q)| <1< |)‘r+1(q)| < |)‘r+2(q)|'
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FIGURE 3. The creation of A(g,n) in the planar region 7

Thus, after a new perturbation, we can assume that this tangency
occurs in a “normally hyperbolic surface” 7 (tangent to the eigenspaces
corresponding to the r*® and (r + 1)'® eigenvalues of ¢): so there are
curves v* C W*(q)Nm and v* C W*¥(q) N7 with a quadratic homoclinic
tangency. See for instance [4, Affirmation] and Figure 3. Thus, from
now on the arguments are “2-dimensional” and we can follow [23].
More precisely, let ¢ be the tangency point. After a perturbation,
for each large n, we get a hyperbolic set A(g,n) of f subordinate to
the partition «a,, and contained in a small neighborhood of the orbit of
¢ such that hiop(f, A(g,n)) is close to x,4+1(q), see [23, equation (43),
page 484]. Since A(g,n) is a transitive hyperbolic set we know there
exists an ergodic measure of maximal entropy p. Hence, h,(A(g,n)) is
close to x;(¢). By construction, the set A(g,n) is contained in Af(U).
Furthermore, the distance between the ergodic measures of A(g,n) and
the periodic measure of ¢ can be made arbitrarily small and the (r-+1)"
Lyapunov exponent of ;1 can be chosen to be arbitrarily close to that
for g, see [23]. This completes the sketch of the proof of Lemma 4.9. O

Remark 4.10.

(1) The hyperbolic sets A(q,n) are the horseshoes with emerging
entropy described at the beginning of Section 4.

(2) By construction, each periodic point § € A(q,n) satisfies Propo-
sition 4.2 and belong to Perg(f,U),. Therefore, we can apply
the previous construction to these saddles.

4.1.4. Proof of Theorem 1. Note that it is enough to prove a local ver-
sion of this theorem for diffeomorphisms g € Uy NV;NS, where S is the
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residual set in Proposition 4.6. Recall that for these diffeomorphisms
the functions «, 3, s—, and s™ are constant.

The proof is similar to the proof of Theorem 1.3 in [23, pages 471-2].
Recalling equation (4) define

T 7U
(5) 0o 1= X +1(2.g )
and let

E(9) == {11q : q € Pera(g,U), and x,11(q) > po},

and set £(g) as the closure of & (g).

It is sufficient to verify the conditions of Theorem 4.7 for p, € &(g).
More precisely, from Lemma 4.9 we know that for each n sufficiently
large there exists a periodic hyperbolic basic set A(g,n) that is sub-
ordinate to «, and all ergodic measures of A(q,n) are % close to fi,.

Moreover, from (d) in Definition 4.8,

n—1

Xr-i-l(:u) > Xr—i—l(Q)

and from (c) in Definition 4.8 for every v, € M.(g,A(g,n)) it holds
that

(6) hu, (9) >

Lemma 4.11. M.(g,A(q,n)) C £(g).

n—1

X’f‘-l—l(Q)'

Proof: Just recall that every ergodic measure supported on a hy-
perbolic basic set is the weak*-limit of periodic measures for periodic
points in the set, see [39]. Moreover, by Remark 4.10, the periodic
points in A(gq,n) belong to Perg(g, U),. a

Lemma 4.12. Let v, € M.(g,A(q,n)). Then h,, (a,,g) = 0.

Proof: Recall that (see equations (1) and (2))

hy, (g, 0m) = lim H, ((0)7) = lim — >~ 1,(A) log v, (A).

J]—00 J—00
J Ae(an)f

Since A(g, n) is subordinate to v, the sum is constant for each j, see [23,

464]. Therefore this limit goes to 0 as j — oc. O
Fix ko € N and a measure p € £(g). By Theorem 4.7 it is enough to

prove that there exists a sequence v, — p such that

(7) lim sup (hl/n (9) = T, (e, g)) > Po-

n—oo
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Fix a sequence 7, € £(g) converging to p. By definition of £(g),
we know that for each 7, there is is a periodic measure p, € &£ (g)
arbitrarily close 7,. Then by (d) in Definition 4.8 and Lemma 4.11
there exists v, € M. (g, A(g,n)) C E(g) which is £ close to fu.

Take large n > kg, the partition o, is a refinement of ay,, we have
from Lemma 4.12 that h,, (ak,, g) = 0. Then, from (6) and the choice
of po in equation (5), for n sufficiently large we have

n—1 Xr g’U
hl’n(g) - hy”(akmg) = hun(g) > X?‘—l—l(Q) > %

As v, converges to i we get (7), ending the proof of the theorem relative
to robustly transitive sets.

To complete the proof of Theorem 1, note that the diffeomorphisms
that have no symbolic extension for a robustly transitive set will also
have no symbolic extension for the diffeomorphism over the entire man-
ifold. Indeed, if there is a set of invariant measures on A¢(U) that sat-
isfy Theorem 4.7, then there is a set of invariant measures for f that
satisfy Theorem 4.7. O

= pPo-

4.2. Homoclinic classes. In this section, we prove Theorems 2 and
3. For that we explain how the constructions in Section 4.1 for robustly
transitive sets can be adapted for homoclinic classes having a center
indecomposable bundle of dimension at least two. The main difficulty
for adapting these arguments is to guarantee that the horseshoes with
emerging entropy are contained in the considered homoclinic class.

In the next section, we recall some C* generic properties of diffeomor-
phisms that will guarantee that the horseshoes with emerging entropy
can be taken with this property. This will allow to translate the argu-
ments for robustly transitive sets to the setting of homoclinic classes.

4.2.1. Properties of C' generic diffeomorphisms. There is a residual
subset R of Diff (M) consisting of diffeomorphisms f satisfying prop-
erties (HC1)—-(HC5) below:

(HC1) All periodic points of f € R are hyperbolic and their stable
and unstable manifolds are in general position (Kupka-Smale genericity
theorem).

(HC2) Every homoclinic class H(py, f) of f € R depends continuously
on f € R. Moreover two homoclinic class H(py, f) and H(qy, f) either
coincide or are disjoint. In particular, for every saddle r; € H(py, f)
one has H(ry, f) = H(py, f). Moreover, every pair of saddles p and
g contained in the same homoclinic class with the same s-index are
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homoclinically related (i.e., the stable manifold of the orbit of p trans-
versely meets the unstable manifold of the orbit of ¢ and vice-versa),
see [19, 5].

By item (1) in Proposition 2.1 (continuity of dominated splittings),
the first assertion in (HC2) implies that if f € R and H(py, f) has a
dominated splitting £y ®_ --- @&_ Ej, then, for all g € R close to f,
the homoclinic class H(p,, g) of the continuation p, of ps also has a
dominated splitting £f &_ --- &_ £} with dim(£;) = dim(E)).

(HC3) Suppose that the homoclinic class H(py, f), f € R, contains
a saddle ¢s. Then there is a neighborhood Vy of f in Diff(M) such
that H(p,, 9) = H(qy, g) for every diffeomorphism g € Vy NR. See [1,
Lemma 2.1].

Remark 4.13. The properties above allow us to define the continuation
of homoclinic classes H of diffeomorphisms in f € R. Suppose that
pr is a (hyperbolic) periodic point of f in H. Then H = H(py, f).
If g € R is close enough to f, the continuation H, of H for g is
H, = H(p,,g). The continuation H, does not depend on the choice of
the saddle py € Hy.

(HC4) Consider a homoclinic class H = H(py, f), f € R, and let
i~ (H) and i*(H) be the maximum and the minimum of the s-indices
of the saddles in H. Then for every k& € N in the inder interval
i~ (H),i"(H)] of H there is a saddle gy of s-index k in H, see [1].
Moreover, by (HC2), H = H(py, f) = H(qy, f).

Property (HC3) implies that for every g € R close to f the index
interval of H, contains [i~(H),i"(H)] and the maps g — i*(H,) are
semi-continuous. Hence we can take the residual set R of Diff (M) such
that the index interval of any homoclinic class is locally constant.

In what follows, given a homoclinic class H, we denote by Per(H )
the subset H of saddles of s-index k.

Remark 4.14. Let f € R and H be a homoclinic class of f whose
index interval is [i”(H),it(H)]. Properties (HC2) and (HCY) imply
that for each k € [i=(H),i"(H)] NN the set Per(H)y is dense in the
whole homoclinic class H.

Using a notation similar to the one in Section 4.1.1, we denote by
Perg(H ) the subset of Per(H), consisting of saddles ¢ such that all
eigenvalues of D f7(9(q) are real and different in modulus (7(g) is the
period of q).

(HC5) For every f € R, every non-trivial homoclinic class H of f,
and every k in the index interval of H, the set Perg(H ) is dense in H.
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See [1, Proposition 2.3], which is just a dynamical reformulation of the
results in [8, Lemma 4.16].

4.2.2. Domunated splittings. To prove Theorems 2 and 3, we consider
the stable/unstable splittings naturally associated to saddles of a non-
trivial homoclinic class. Given a diffeomorphism f in R, a homoclinic
class H of f, and k in the index interval of H, consider the D f-invariant
stable/unstable splitting over Perg(H )y,

TPorR(H)kM = Eli D El?’

where E}(p) and E}'(p) are the stable and unstable bundles of p €
Perg(H)g. Note that dim(F;(p)) = k. In fact, the subscript k just
emphasizes the s-index of the saddles we are considering.

If the stable/unstable splitting over Perg(H )y is dominated, by item
(1) in Proposition 2.1, it can be extended to the closure of Perg(H ) in
a dominated way. By property (HC5), the closure of Perg(H)y is the
whole H. Thus, in such a case, the homoclinic class H has a dominated
splitting £ &_ F with dim(E) = k.

Finally, condition (HC2) and item (3) in Proposition 2.1 imply that
for every ¢g in R close to f, the continuation H, of H for g also has
a dominated splitting £’ &_ F’ with dim(E") = k. Let us summarize
these results:

Lemma 4.15. Consider a diffeomorphism f € R, a homoclinic class
H of f, and k € N in the index interval of H. Suppose that the
stable /unstable splitting over Perg(H )y is dominated. Then for every
g € R the homoclinic class H, has a dominated splitting E' &_ F' with
dim(E') = k.

4.2.3. Generation of homoclinic tangencies. Given a diffeomorphism f
and a (hyperbolic) saddle p of f, consider the set X(p, f) of saddles g ho-
moclinically related to p. The closure of ¥(p, f) is the whole homoclinic
class H(p, f) of p. Note that if p has s-index k then X(p, f) C Per(H)y.

Lemma 4.16. Consider a diffeomorphism f € R, a homoclinic class
H of f, and k in the index interval of H.

The stable/unstable splitting over Perg(H ) is dominated if, and only
if the stable/unstable splitting over X(p, f) is dominated for every sad-
dle p € Perg(H ).

Proof: By Lemma 4.15, if the stable/unstable splitting over Perg(H )
is dominated then H has a dominated splitting @ _ F and dim(E) = k,
which is an extension of stable/unstable splitting over Perg(H ). Thus
the restriction of this dominated splitting over H to the subset X(p, f)



SYMBOLIC EXTENSIONS AND TRANSITIVITY 27

is also dominated. Moreover, since dim(FE) = k, it necessarily coincides
with the stable/unstable splitting over X(p, f) C Per(H)y (recall item
(2) in Proposition 2.1). This concludes the proof of the first implication.

To prove the converse, take any saddle p € Perg(H ), and observe
that, by (HC2), H(p,f) = H, thus X(p, f) is dense in H. Hence,
by item (1) in Proposition 2.1, the stable/unstable dominated split-
ting over X(p, f) can be extended to a dominated splitting E @_ F,
dim(F) = k, defined over the whole H. Thus Perg(H); C H also has
a dominated splitting. Since dim(F) = k this splitting is necessarily
the stable/unstable one over Perg(H ). O

A key ingredient in the proof of Theorems 2 and 3 is the following
result due to Gourmelon:

Proposition 4.17 (Theorem 6.1.1 in [25]). Let py be a saddle of a
diffeomorphism f such that the stable/unstable splitting defined over
the set X(py, f) of periodic points homoclinically related with py is not
dominated. Then there is a diffeomorphism h arbitrarily C*-close to f
with a homoclinic tangency associated to py,.

A configuration that prevents the stable/unstable bundle over the set
Y(py, f) to be dominated occurs when the angle between these bun-
dles is not uniformly bounded from below. A specific configuration
with this feature (to simplify the discussion we consider the three di-
mensional case) is the following: the homoclinic class of py contains
saddles of s-indices one and two and with non-real multipliers. Under
these hypotheses the stable/unstable bundle is not dominated. This
sort of configuration can be found in [3].

Note that this result is a strong generalization of Proposition 4.2.

Proof of Theorem 3: Consider a diffeomorphism f € R, a non-
trivial homoclinic class H of f, and £ € N in the index interval of
H. By (HC5) the set Perg(H)g is dense in Per(H),. By item (1)
in Proposition 2.1, and arguing as in Lemma 4.15, one has that the
stable/unstable splitting over Per(H); is dominated if, and only if,
the stable/unstable splitting over Perg(H )y is dominated. Hence in
the hypothesis of Theorem 3 we can replace Per(H); by its subset
Perg(H ).

Suppose that there is £ € N in the index interval of H such the
stable/unstable dominated splitting over Perg(H ) is not dominated.
Take any saddle p; € Perg(H)i. By Remark 4.13, if ¢ is close to f and
belongs to R then H, = H(p,,g) and p, € Perg(H, ).

By Lemma 4.16, the stable/unstable dominated splitting over X(py, f)
is not dominated. Therefore, by Proposition 4.17 there is a diffeomor-
phism h arbitrarily C! close to f with a homoclinic tangency associated
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to pn, € Perg(Hy),. Arguing as in Section 4.1.3, after an arbitrar-
ily small perturbation, we can assume that this tangency occurs in a
normally hyperbolic surface.

By Remark 4.10 to get diffeomorphisms g close to h (thus close to
f) having horseshoes A(p,,n) with emerging entropy contained in the
homoclinic class of p, (note that these horseshoes are obtained using
transverse intersections of the invariant manifolds of p,). Therefore,
for g € R we have A(p,,n) C H; = H(qy,g). This means that we can
argue exactly as in the proof of Theorem 1. This completes the sketch
of the proof of Theorem 3. O

Proof of Theorem 2: It is enough to see that the hypotheses of
the theorem implies that there is some k in the index interval [, j] of
H such that stable/unstable dominated splitting over Per(H); is not
dominated. Then Theorem 2 immediately follows from Theorem 3.

Assume that for every r € [i, j] the stable/unstable splitting E? &
E" over Per(H), is dominated. By item (1) in Proposition 2.1, each
dominated splitting £ ®©_ E;' can be extended in a dominated way to
the closure of Per(H),,which is the whole H. Denote these extensions
by ES&_ EX.

Consider i + 1 and the dominated splitting E$,, &_ Ef,, of H with
dim(E;,;) = i + 1. Using the dominated splitting E£5 &_ E* with
dim(E;) = ¢ and noting that £ C Ef, , we have

Ef—i—l = Ezs S2p B,

where By = E?, N EY is one dimensional (for details see the arguments
in [8, Lemma 4.12], uniqueness of the finest dominated splitting). In
this way, we get a dominated splitting over H of the form

Ezs EB< El EB< Eiu—l—lu

The proof of the theorem now follows inductively. Arguing as above,
we get that if the stable/unstable splitting over Per(H), is dominated
forall r =4,...,i+ k, i + k < j, then the homoclinic class H has a
dominated splitting of the form

Eio_Eio_---&_E' & _E!

Taking r = j, Ef = E*, and E]“ = E°* it contradicts the hypotheses

(2
of Theorem 3: the homoclinic class has not an indecomposable central

bundle of dimension at least 2 adapted to its s-indices. O
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