Math 313
Section 9

MIDTERM 3

Name:

Apr 4-6 2011

Answer all questions and show all your work carefully. Graphic Calculators are not allowed,
but a regular scientific one will be permitted. There is a time limit of three hours for this

test.

“Here we are doing what is not done in any other magjor university of which I am aware.
We are demonstrating that faith in the Almighty can accompany and enrich scholarship in
the secular. It is more than an ezperiment. It is an accomplishment.”
Pres. Hinckley at the Inauguration of Pres. Samuelson

Prof. Vianey Villamizar
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1. Indicate whether the statement is always true or sometimes false. Justify your answer
with a detailed general proof or a counterexample.

a) (4 points) Any three linearly independent vectors vy, v2 and v in R? form a
basis for R®.

b) (4 points) If A is not a square matrix then the row vectors of A must be linearly
dependent.

c) (4 points) If the size of a matrix A is 5 x 9 and rank(A)=2, then the nullity of
AT is 3.

d) (4 points) Let u, v be vectors in the inner product space V, then u + v and
u — v are orthogonal.

e) (4 points) If A is an invertible matrix then A = 0 is not an eigenvalue.
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2. Give a detailed and complete proof of the following short theorems

a) (6 points) Let B = {vi,... vy} form an orthonormal basis for an inner product
space V and u € V, then

u=<u,vi >vi+<u,vy>ve+...<U,Vy > Vy

b) (8 points) For any matrix A (m x n), the linear system Ax = b is consistent if
and only if the coefficient matrix A and the augmented matrix [A|b] have the
same rank.

¢) (6 points) Let A be an n x n matrix. Show that if det(A — AI) = 0, then A is
an eigenvalue of A.

d) (5 points) If B = {vy,...Va} is an orthogonal set of nonzero vectors in an inner
product space V, then B is linearly independent.
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3. Consider the linear system Ax = b where

2 -1 -6
A=|2 4|, and b=| 2
3 -2 -2

a) (5 points) Show that the above system is inconsistent.

b) (8 points) Find a least squares solution of the above linear system. Is it unique?
(Explain)
c) (3 points) Find the orthogonal projection of b on the column space of A.
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4. a)(5 points) Consider the vectors u; = (1,-1,0), uz = (2,0,1), ug = (0,-1,1).
Show that the set S1 = {uy,uz,us} form a basis for R®.

b) (12 points) Show that the set S1 is not an orthonormal basis for R3 with respect
to the Euclidean inner product. Use the Gram-Schmidt process to transform the
basis S1 into an orthonormal basis S = {v1,Va,vs} and find the coordinates of
u = (3, —2,4) with respect to S.
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5. Consider the matrix A = 02 6 0l Answer the following questions:
0 8 0 6

a) (4 points) Find the eigenvalues of A.

b) (10 points) Find the corresponding eigenvectors. Is it possible to obtain a set
of eigenvectors S = {v1,Vz, Vs, va} linearly independent? If you say yes, find
them and show that they are linearly independent.

c) (3 points) Is the matrix A diagonalizable, P"'AP = D? Why?

d) (5 points) If the matrix A is diagonalizable, find P that diagonalizes A. Also
find P~! and D. Verify that P7'AP = D.
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