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(1)

ORDINARY DIFFERENTIAL EQUATIONS

Consider the following differential equation in R™
¥ = Az + B(t)x + g(x,t).

Assume that

(a) A is a constant n x n matrix with only eigenvalues with
negative real parts,

(b) B(t) is the n x n matrix, continuously dependent on ¢ such
that ||B(t)|| — 0 as t — oo,

(c) g(x,t) is C* and there are constants a > 0 and k£ > 0 such
that ||g(z,t)]| < k||x||? for all £ > 0 and ||z|] < a.

Prove that there are constants C' > 1, § > 0, A > 0 such that

HZ‘(t,to,[Eo)H S CHx0||6_)\(t_tO)7 t 2 t07

whenever ||zo|| < 0/C, where x(t, to, xo) is the solution of above
equation with x(tg, to, zg) = o.
Prove that the following differential equations in R?

d=r—y—2°, Y =a+y-y’
has a unique globally attracting limit cycle on the punctured
plane R? — {0}.
Consider a smooth differential equation on the plane

o' =glx,y), ¥ =h(z,y)
and let f(x,y) = (9(z,y), h(z,y)). If the divergence of f given
by

) 0 0
div f(x7y) = %g(xvy) + a_yh(xvy)

is not identically zero and of fixed sign in a simply connected
region ). Prove that the system has no periodic orbits in 2.

Suppose that V' is a smooth function defined on an open neigh-
borhood U of an equilibrium point Z of the differential equation
x' = f(x), where f is a smooth function from R"™ into itself, such
that V(z) = 0 and V(z) = (grad V(z), f(z)) > 0 on U — {Z}.
Assume that for each neighborhood N of Z, there is a point

x* € N such that V(z*) > 0. Prove Z is unstable.
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(5) Let A be a hyperbolic attractor (so A is a transitive hyper-
bolic set and there exists a neighborhood U of A such that
ﬂnzo fn(U) = A)-

(a) Prove that if x € A, then W*(x) C A.

(b) Assume in addition that A is topologically mixing. Prove
that if p € Per(A), then W#(p) is dense in W*(A) =
UxEA Ws(x)

(6) Let f: X — X be a continuous map of a compact metric space.
Let Per(f) be the closure of the periodic points of f, NW(f)
be the set of nonwandering points for f, and CR(f) be the set
of chain recurrent points for f.

(a) Define a nonwandering point
(b) Prove that Per(f) C NW(f) C CR(f).
(c) Show be example that Per(f) may not equal CR(f).

(7) Let f be a diffeomorphism and p a periodic point for f. Let
H, be the equivalence class of periodic points heteroclinically
related to p, i.e. g ~ pif W(p) h W¥(q) # 0 and W*(q) M
W*(p) # 0. Let A, be the closure of H,. Prove that A, is
transitive.

(8) Let T': X — X be a measure preserving transformation of the
measure space (X, B, ).

(a) Define what it means for T to be ergodic.
(b) Define what it means for T' to be mixing,.
(¢) Prove that any mixing transformation is ergodic.




