WINTER 2019 - PH.D. PRELIMINARY EXAMINATION
ORDINARY DIFFERENTIAL EQUATIONS AND DYNAMICAL
SYSTEMS

Instructions: Give solutions to exactly 6 of the following 8 problems. If you give more than
6 solutions, your grade will be determined by the first 6 that appear. WRITE ON ONE
SIDE OF THE PAPER ONLY AND LEAVE AN INCH MARGIN ALL AROUND.

(1) Let 2’ = f(x) where f : R? — R? is locally Lipschitz. Assume that £ € R? is periodic
for the system and there are no periodic points in the interior of orbit of £&. Prove
there is a fixed point in the interior of the orbit of &.

(2) Consider the following differential equation in R"
¥ = Az + B(t)xr + g(z,1)

where
(a) A is a constant n x n matrix whose eigenvalues all have negative real parts,
(b) B(t) maps continuously into the set of n x n matrices such that ||B(t)|| — 0 as
t — oo, and
(c) g(z,t) is C? and there are constants a > 0 and k > 0 such that ||g(z,t)|| < k| z||?
for all ¢ > 0 and [|z|| < a.
Prove that there are constants C' > 1, 6 > 0, and A > 0 such that

|(t, to, 20)|| < C|zolle 1)
whenever ¢ > tg, |zl < §/C and x(t,to,70) is the solution of the above equation

with Lli'(to,to, l’o) = Zg.

(3) Find the fixed points and classify them for the system

' = —10x + 10y
Yy =28v —y—xz
_ 8
Z=3z+ay
(4) Consider the flow ex for the linear differential equation x’ = Ax with € R".

Prove that all the eigenvalues of A have nonzero real part if and only if for each
x € R? either w(x) = {0} or w(x) = 0.

(5) Let g,(z) = x4 2*+ p be a one-parameter family of functions with parameter p € R.
Show that this family undergoes a saddle-node bifurcation at some p € (—1,1).



(6) Suppose (X, d;) and (Y, dy) are compact metric spacesand f: X — X andg:Y =Y
are continuous maps. Show that the topological entropy hiop(f X g) = hiop(f) +

htop (g) .

(7) Suppose f: R — R is a differentiable function with a period-2 orbit f(p;) = p2 and
f(p2) = p1.
(a) Find the Lyapunov exponent xs(pi,v) of p; under the function f for a nonzero
v e R.
(b) Let g = f* where k € N. If x;(xo,v) = ¢ for some x5 € R, then find x,(zo,v) in
terms of £ .

(8) Suppose f: X — X and g : Y — Y are continuous functions where X and Y are
metric spaces. If there is a semi-conjugacy 7 : ¥ — X from ¢ to f, prove that if
g:Y — Y is topologically mixing then f: X — X is topologically mixing.



