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Abstract. We construct a ring R which has the ascending chain condition on n-generated right ideals
for each n ≥ 1 (also called the right pan-acc property), such that no full matrix ring over R has the
ascending chain condition on cyclic right ideals. Thus, the right pan-acc property is not a Morita
invariant. Moreover, a direct sum of (free) modules with pan-acc does not necessarily even have 1-acc.

1. Introduction and history
Given any ring R, any right R-module MR , and any positive integer n ≥ 1, one says that MR
has n-acc if every chain of n-generated R-submodules L1 ⊆ L2 ⊆ . . . ⊆ M stabilizes; meaning that
Lk = Lk+1 = · · · for some k ≥ 1. Moreover, if M has n-acc for every n ≥ 1, then M is said to have
pan-acc. Clearly, pan-acc is a weakening of the usual Noetherian condition. A ring has right n-acc,
respectively right pan-acc, if the right regular module RR has the corresponding property.
Those who have read Cohn’s influential book “Free Rings and Their Relations” [6] may have found
the first two problems asked in the book exceptionally unyielding. Exercise 0.1.1 enjoins the reader to
show that if R has right n-acc, then so does every finitely generated free right R-module. Exercise 0.1.2
challenges the reader to show that if R has right rs-acc (for two integers r, s ≥ 1), then Mr (R) has
right s-acc. Bonang [3] has pointed out that the first exercise poses an open problem, suggested earlier
(in the context of modules over commutative rings) by Nicolas [11] (for all free modules) and Heinzer
and Lantz [9].
In Cohn’s subsequent book “Free Ideal Rings and Localization in General Rings” [7], these problems
appear in slightly different forms. For instance exercise 0.1.1 is replaced by 0.2.4, a weaker problem
which directs one to prove that if RR has pan-acc, then so does any finitely generated free right Rmodule. This new problem is also open according to [3].
Further connections between these exercises can be found in [13]. For instance, by [13, Corollary 1.6]
n
we find that RR
has n-acc if and only if Mn (R) has right 1-acc. So, the truth of exercise 0.1.1 would
imply the truth of 0.1.2. For a recent overview on this and related topics, see [4].
The purpose of this short note is to settle the aforementioned thirty year-old problem once and for
all, in the negative, by proving the following main result:
2
Theorem 1.1. There exists a ring R which has right pan-acc, such that RR
does not have 1-acc.

From the results of [13], we immediately obtain using the same example:
Corollary 1.2. There exists a ring R with right pan-acc, for which every matrix ring Mn (R) with
n > 1 does not have right 1-acc. In particular, the property “right pan-acc” is not a Morita invariant.
All rings in this paper are associative with 1, but not necessarily commutative. All modules are
unital. Notations introduced in one section carry over to subsequent parts of the paper.
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2. Description of the ring, and basic properties
Let N = {0, 1, 2, . . .} denote the set of non-negative integers. Also let P be the set of all finite,
non-empty subsets of N. Given any element p ∈ P we write max(p) for the largest element of p. For
simplicity, we will work over the field F2 of two elements, although this construction works over any
field, mutatis mutandis. We define
*
R

:= F2

ai , r, vp (i ∈ N, p ∈ P) : ai+1 r = ai ,


+
X

ak  vp = amax(p)+1 , aj ai = rai = vp ai = 0 .
k∈p

A few words about the relations defining R are in order. The first system of relations, ai+1 r = ai , is
2
given in order to create an increasing chain of cyclic submodules of RR
; namely,
(2.1)

2
(a0 , a1 )R ⊆ (a1 , a2 )R ⊆ (a2 , a3 )R ⊆ . . . ⊆ RR
.

We will prove later that this chain is strictly increasing.
The next system of relations (i.e. those involving the letters vp ), in conjunction with the first set of
relations, allow us to move from any non-trivial F2 -linear combination of the a-letters, to any other
non-trivial combination. To see this, let p ∈ P be arbitrary. We compute


X

ak  vp rmax(p)+1 = a0 ,
k∈p

so any linear combination can be brought to a0 . Conversely, we find
X
X
a0
v{0} v{1} · · · v{k−1} =
ak .
k∈p

k∈p

(When k = 0, the summand is an empty product, and thus should be interpreted as 1.) These relations
serve a double purpose, both to simplify some computations and to remove trivial obstructions arising
from (2.1) which may prevent RR from having 1-acc.
The remaining relations say that ai cannot occur to the right of any other letter, and this simplifies
computations. In fact, we see that R = S ⊕ a0 S, where S = F2 hr, vp (p ∈ P)i is a free F2 -algebra.
However, we note that the ai can occur to the left of most of the v-letters without being influenced by
any relations. (See the reduction rules (2.2) below for more information.)
Fix a well-ordering ≺ of P, with order type ω (since this set is countable). Thus, we can write the
elements of P in a chain p0 ≺ p1 ≺ p2 ≺ · · · . We then well-order the letters defining R, using the same
symbol ≺ (which should lead to no confusion), by putting
a0 ≺ a1 ≺ a2 ≺ · · · ≺ r ≺ vp0 ≺ vp1 ≺ vp2 ≺ · · · .
Next, we order the set M of monomials in these letters, first by degree and then lexicographically (still
denoting this new ordering by ≺). Finally, if f, g are two finite formal sums of monomials in these
letters, we say f ≺ g if among the monomials which appear in the support of f or g but not both, the
largest one occurs in the support of g. The reader can check directly that this describes a well-ordering
on the set of such finite formal sums. (Indeed, since we are working over F2 one can identify such formal
sums with finite subsets of the well-ordered set M. The ordering we have described is called the “last
difference ordering.” It can be used as the first step in defining ordinal exponentiation, as is done, for
instance, in Sierpiński’s classic text [12] starting on page 309. For a more high-brow approach to the
last difference ordering, see the survey article [10].)
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We put elements of R in reduced form by using the following reduction rules for all i, j ∈ N and for
all p ∈ P:
X
(2.2) ai+1 r 7→ ai , aj ai 7→ 0, rai 7→ 0, vp ai 7→ 0, and amax(p) vp 7→
ak vp + amax(p)+1 .
k∈p\{max(p)}

It is easy to check that these relations form a reduction system with all ambiguities resolvable, in the
sense of [1] (cf. [2]), since there are no inclusions and every overlap resolves to 0.
It is important to notice that every reduction replaces a monomial with a sum of smaller monomials,
so we know that this process must eventually stop (since ≺ is a well-ordering of finite formal sums of
monomials). As all ambiguities of (2.2) are resolvable, Theorem 1.2 of [1] tells us that every element
can be reduced using those reductions to a unique irreducible normal form.
Hereafter, when writing an element of R we will use its reduced form unless context requires otherwise.
This also allows us to well-order the elements of R using ≺. By the leading term of an element f ∈ R,
we mean the ≺-maximal monomial m in the support of the reduced form of f .
3. Information about finitely generated right ideals
Let IR ⊆ RR be a finitely generated right ideal. In this section we describe a specific choice of a
generating set for I, and some relevant properties of this set. If I = (0), the generating set is just the
empty set, so hereafter we may assume I 6= (0).
First, consider the case where
(3.1)

I contains no non-zero sum of the letters {ai (i ∈ N)}.

In particular, note that no element f ∈ I has 1 in its support, else f a0 = a0 ∈ I. Thus the right
R-module structure on I reduces to a right S-module structure (since right multiplication by a0 S is
trivial). Furthermore, if m is the leading term of f ∈ I, and m0 is the leading term of any element
g ∈ S, then (using (3.1) and the reduction rules) the leading term of f g is mm0 .
Let n ≥ 1 be the minimal number of generators for I, and let G := G(I) be the set of all n-tuples
(f1 , f2 , . . . , fn ) of elements which generate I. Well-order G, and more generally Rn , by saying that
for two elements (f1 , f2 , . . . , fn ), (g1 , g2 , . . . , gn ) ∈ Rn , we have (f1 , f2 , . . . , fn ) < (g1 , g2 , . . . , gn ) exactly
when for some k ≥ 1 it happens that fi = gi for all 1 ≤ i < k, and fk ≺ gk . By the minimized generating
set for I, we mean the smallest element of (G, <).
Let f := (f1 , f2 , . . . , fn ) be the minimized generating set for I. Clearly 0 ≺ f1 ≺ f2 ≺ · · · ≺ fn .
An important fact we will use repeatedly is that for all i 6= j, there is no monomial in the support of
(the reduced form of) fi which is a right multiple of the leading term of fj . To see this, suppose that
m = m0 m00 where m is a monomial in the support of fi , m0 is the leading term of fj , and m00 ∈ S is
some monomial. Then fi0 := fi − fj m00 ≺ fi , and (f1 , . . . , fi−1 , fi0 , fi+1 , . . . , fn ) ∈ G, contradicting the
minimality of f . Thus we have proven:
Lemma 3.2. Let I be a finitely generated right ideal of R satisfying (3.1), and let (f1 , f2 , . . . , fn ) be
the minimized generated set. No right multiple of the leading term of fj appears in the support of any
fi , for i 6= j.
As pointed out by Bergman (personal communication), this is similar to the work of Cohn in studying
free modules over rings with weak algorithm (such as free algebras). Related to this idea, we also have:
Lemma 3.3. Let I be a finitely generated right ideal of R satisfying (3.1), and let (f1 , f2 , . . . , fn ) be
the minimized generating set. If m is the leading term of a non-zero element fP
∈ I, then m = m0 m00
n
0
with m the leading term of fi0 , for some unique i0 . Moreover, if we write f = i=1 fi gi with gi ∈ S,
00
then m is the leading term of gi0 and deg(f ) = max(deg(fi ) + deg(gi )) = deg(fi0 ) + deg(gi0 ).
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Proof. Let f = f1 g1 + f2 g2 + · · · + fn gn for some g1 , g2 , . . . , gn ∈ S. The leading term of fi gi is mi m0i ,
where mi is the leading term of fi and m0i is the leading term of gi . (If gi = 0, then there is technically
no leading term, and so in the remainder of the proof we implicitly consider only those subscripts
1 ≤ i ≤ n with gi 6= 0.) We cannot have mi m0i = mj m0j for some i < j, else (after removing the letters
in m0j from both sides) we get that mj is a right multiple of mi , contradicting Lemma 3.2. Thus, the
leading term of f is the ≺-largest element among the distinct list m1 m01 , . . . , mn m0n . The last sentence
of the lemma is now clear.

Next, let’s consider the case where I contains some non-zero sum of the letters {ai (i ∈ N)}. Then,
using the relations involving the letters vp , we see that in fact
(3.4)

I contains all sums of the letters {ai (i ∈ N)}.

Fix any finite generating set f1 , . . . , fn for I, and let fi0 be defined by deleting from fi any monomials
in a0 S. We define I 0 to be the right ideal of S generated by f10 , . . . , fn0 . Clearly, IS0 is finitely generated
(with at most the same number of generators as I) and I = I 0 ⊕ a0 S. Moreover, from the direct sum
decomposition we see that I 0 = I ∩ S, so the definition of I 0 is independent of the generating set we
chose for I. The utility of working with I 0 is that we can “peel off” all the monomials involving the
a-letters, and work in the simpler ring S. While we could now define a minimal generating set for I 0 ,
we will see shortly that this is unnecessary.
4. The ring R has right pan-acc
In this section we prove that RR has pan-acc. To this end, let I1 ⊆ I2 ⊆ . . . ⊆ RR be a chain of right
R-submodules, with each Ik generated by at most n elements, for some n ≥ 1. We may as well assume
that each Ik is not (n − 1)-generated, by passing to a subsequence and decreasing n if necessary.
Case 1: Assume that (3.1) holds for each Ik , k ≥ 1.
Let fk := (fk,1 , fk,2 , . . . , fk,n ) be the minimized generating set for Ik . As mentioned in the previous
section, we have a well-ordering (Rn , <). It suffices to show that fk+1 ≤ fk , for every k ≥ 1; for since
there are no infinite descending chains in (Rn , <), this will prove that the ascending chain of ideals
I1 ⊆ I2 ⊆ . . . must stabilize.
Suppose, to the contrary, that fk < fk+1 . Fix 1 ≤ ` ≤ n such that fk,i = fk+1,i for 1 ≤ i < `,
but fk,` ≺ fk+1,` . The leading term of fk,` is not right a multiple of any of the leading terms of
{fk,1 , fk,2 , . . . , fk,`−1 }, by Lemma 3.2 and the fact that fk is a minimized generating set. By Lemma
3.3, since fk,` ∈ Ik+1 and since
fk,` ≺ fk+1,` ≺ fk+1,`+1 ≺ · · · ≺ fk+1,n ,
we know that the
Pnleading term of fk,` is the same as that of fk+1,` . Moreover, as we are able
to write fk,` =
i=1 fk+1,i gi for some gi ∈ S, Lemma 3.3 also implies that g` = 1. But then,
(fk+1,1 , . . . , fk+1,`−1 , fk,` , fk+1,`+1 , . . . , fk+1,n ) is a generating set for Ik+1 , and is smaller than fk+1 ,
which gives us the needed contradiction.
Case 2: Assume that I` satisfies (3.4) for all ` ≥ k, for some sufficiently large k.
For each ` ≥ k, define I`0 as in the previous section. These are n-generated right ideals of S. It
0
suffices to show that the chain Ik0 ⊆ Ik+1
⊆ . . . stabilizes. Viewing this as a chain of right ideals in S,
an argument similar to case 1 suffices. Alternatively, since S is a free algebra it is a fir [5, Corollary 2],
and thus SS has pan-acc by [7, Theorem 2.2.3]. (Inversely, one could view the argument in case 1 as a
tweaking of this argument.) Therefore, this chain of right ideals in S stabilizes.
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5. The free rank 2 modules over R do not have 1-acc
2
Recall that we have an increasing chain of cyclic submodules of RR
given in (2.1). To finish the proof
of Theorem 1.1, it suffices to show that (ak+1 , ak+2 ) ∈
/ (ak , ak+1 )R for every k ≥ 0. From the relations
aj ai = 0, we reduce to proving (ak+1 , ak+2 ) ∈
/ (ak , ak+1 )S.
Fix g ∈ S. We can uniquely write

g = gk + rgk−1 + r2 gk−2 + · · · + rk g0 ,
where gi ∈ S has no monomial in its support beginning with r unless i = 0. Let ` be the largest index
with deg(g` ) maximized, and let m be the ≺-maximal monomial in the support of g` .
Observe that ak rk−` g` and ak+1 rk−` g` reduce to a` g` and a`+1 g` respectively, which before any
further reduction have leading terms a` m and a`+1 m. We will next prove that at least one of these
terms is already in reduced form. If m begins with some vp , then since vp is involved in a reduction
with only one ai (on the left), the claim follows in this case. Otherwise m begins with r, which forces
` = 0; and since a` = a0 does not interact with r from the left, we see that a` m is reduced.
Fix i ∈ {0, 1} such that a`+i m is in reduced form. We will be done once we show that this term
appears in the support of
ak+i g = ak+i gk + ak+i−1 gk−1 + · · · + ai g0 ,
because a`+i m 6= ak+i+1 (since by comparing lengths, equality could hold only if m = 1, but the
resulting equality is then excluded because ` ≤ k). Let m0 be any monomial in the support of gj , for
some j. If j > ` then deg(m0 ) < deg(m), and so aj+i m0 ≺ a`+i m (even before reducing the left-hand
side). If j < ` then deg(m0 ) ≤ deg(m) while aj+i ≺ a`+i , and so again aj+i m0 ≺ a`+i m. Finally, if
j = ` and m 6= m0 , then the maximality condition on m implies a`+i m0 ≺ a`+i m. Thus the monomial
a`+i m cannot be cancelled from ak+i g, as claimed.
6. Two-sided construction?
Throughout this paper we have worked exclusively “on the right.” This naturally raises the question
of whether or not a left-right symmetric construction is possible. Moreover, it would be rewarding to
begin answering the questions raised by Heinzer, Lantz, and Nicolas, by addressing the following:
Question 6.1. Does there exist a commutative ring R with (both left and right) pan-acc, such that
2
RR
does not have pan-acc?
It is an easy exercise, apparently first worked out by Frohn [8, Lemma] (which he says “is probably
well-known”), that if R is commutative and M, N are right R-modules with 1-acc, then M ⊕ N also
has 1-acc. In particular, Theorem 1.1 requires that the ring R fail to be commutative.
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