AMITSUR’S PROPERTY FOR SKEW POLYNOMIALS OF DERIVATION TYPE

CHAN YONG HONG, NAM KYUN KIM, YANG LEE, AND PACE P. NIELSEN

ABSTRACT. We investigate when radicals § satisfy Amitsur’s property on skew polynomials of deriva-
tion type, namely F(R[z;d]) = (F(R[z;d]) N R)[z;d]. In particular, we give a new argument that the
Brown-McCoy radical has this property. We also give a new characterization of the prime radical of
R[z; 4].

1. INTRODUCTION

A radical § is said to satisfy Amitsur’s property if for every ring R we have F(R[x]) = (F(R[z])NR)|x].
The terminology is a consequence of Amitsur’s work in [I], where he showed that the Jacobson radical,
prime radical, Levitzki radical, and the upper nilradical all have this property. Amitsur also gave
the following two criteria (as distilled in [I0, Lemma 1]), which together are sufficient to guarantee
Amitsur’s property, and in practice are often easily verified: (1) § is hereditary and (2) whenever R
has characteristic p we have F(R[z]) N R[z? — x] C F(R[zP — x]). These criteria were used for instance
in [I0, Theorem 3] and [I2, Theorem 3.2] to show respectively that the Brown-McCoy radical and
Behrens radical have Amitsur’s property. For three recent and interesting studies of Amitsur’s property
in connection with other natural radical properties, see [I8] [13} [9]. For information on general radical
theory, and Amitsur’s property in particular, we recommend [7, Section 4.9] as a good reference.

In the present paper we are concerned with radicals of skew polynomial rings of derivation type
(which we will also call “differential polynomial rings”). Let R be a ring, and let § be a derivation on
R, meaning an additive map satisfying the product rule §(ab) = 6(a)b + ad(b) for all a,b € R. We can
then define the ring R[z;d] consisting of left polynomials with standard addition, and multiplication
subject to the skewed constraint za = ax + §(a). Radicals of this ring were first studied in the work
of Ferrero, Kishimoto, and Motose [6], where it was shown that the Jacobson, prime, and Wedderburn
radicals again possess (an analogue of) Amitsur’s property. Letting J denote the Jacobson radical, they
raised the question of whether J(R[x;d]) N R is a nil ideal of R, and this question remains open.

In this paper, we generalize the work in [6] to give a set of general criteria for the analogue of
Amitsur’s property to hold over R[z;d]. We say that a radical § satisfies the d-Amitsur property if:

For all rings R and for all derivations ¢ of R,

(L) (§(Rle:8)) 0 R) s 8] = §(Rles o).
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When possible, we also describe explicitly the resulting ideal F(R[x;d]) N R < R.

Throughout the paper, R will be an arbitrary associative ring possibly without 1, and § will be an
arbitrary derivation on R. We reserve fractal letters for radicals, capitalized English letters for rings
and sets, and lowercase English letters for ring elements or variables. We write I < R to mean that
I is a two-sided ideal of R. When we use the word “radical” we will mean a radical in the sense of
Kurosh and Amitsur [7), Definition 2.1.1]. (Two exceptions to this convention are when we speak of the
“Wedderburn radical” and “bounded nilradical” whose names have been established in the literature,
but these are not technically radicals.) To be precise, § is a radical if it assigns to each ring R an ideal
§(R) < R satistying the next three conditions:

(R1) If §(R) = R and R — S is a surjective ring homomorphism, then §(S) = S.

(R2) We have §(F(R)) = F(R), and if I < R with §(I) = I, then F(I) C F(R).

(R3) The equality F(R/F(R)) = 0 always holds.

As usual, we say the radical § is hereditary if it satisfies the further condition:

(R4) If I < R, then F(I) =F(R)N 1.

2. PRELIMINARIES ON RINGS WITH DERIVATIONS

In this short section we collect a few definitions and results that are important when working with
skew polynomials of derivation type. Given a derivation § on a ring R, following the literature we say
that a subset S C R is a d-subset if 6(5) C S. When I < R is an ideal and a d-subset, we simply say
that I is a d-ideal. The next lemma (whose proof we omit) relates the ideals of R and R|x;d].

Lemma 2.1. Let R be a ring and § a derivation of R.
(1) If I is a right ideal of R, then I[x;0] is a right ideal of R[x;0] and I[z;0]NR=1.
(2) If I is a d-ideal of R, then I[x;d] is an ideal of Rlx; ).
(3) If J is an ideal of R[x; 4], then J N R is an ideal of R.
Given f(z) = >.I ja;z’ € R[z;6], with a; € R for each 0 < i < n, we abuse notation by writing
§(f(x)) =iy 07 (a;)x’. (Note that d is not a derivation on R[xz;d].) We will find many occasions to

make use of the following extremely useful result, which capitalizes on the startlingly pretty formula
zf(x) — f(x)x = 6(f(x)) which recursively leads to

@) (7t = ()t

=0
Lemma 2.2. If J is an ideal of R[x;0] and f(z) € J, then

R§ (f(x))RC J
for every j > 0. Moreover, if J is closed under multiplication by x, then 6 (f(x)) € J for all j > 0 and
JN R is a d-ideal of R.

Proof. Given r,s € R, we obtain r8’(f(x))s € J by multiplying (2.1)) on the left by » and the right
by s. To prove the last sentence, note that J N R is clearly an ideal in R, and when J is closed under
multiplication by x then ({2.1]) proves the d-invariance claims. ([l

3. THE PRIME RADICAL

The prime radical PB(R) of a ring R has many equivalent definitions:
e The lower radical described by the class of nilpotent rings, and thus the limit of the (higher)
Wedderburn radicals.
e The intersection of all the prime ideals.
e The set of strongly nilpotent elements.
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e The limit of the (higher) left (or right) T-nilpotent radideals, see [§].

e The limit of the (higher) bounded nilradicals.
If we write Ps(R) := P(R[z;0]) N R, the ideal Ps(R) < R can similarly be described as a limit of
d-Wedderburn ideals [6, Theorem 2.1 and Corollary 2.2], as the intersection of §-prime d-ideals [5l
Theorem 1.1], and as the set of strongly §-nilpotent elements [I1, Proposition 1.11]. In this section we
will pursue an analogue of the fourth bullet point.

A subset S C R is left T-nilpotent if for every sequence of elements s1, o, ... € S there is some index

n > 1 such that sys9---s, = 0. Such subsets are quite well-behaved, as evidenced by the next two
lemmas.

Lemma 3.1. Let R be a ring, I C R, and J <Q R. If J is left T-nilpotent and I is left T-nilpotent in
R/J, then I + J is left T-nilpotent.

Proof. This is a slight strengthening of [8 Lemma 4.2], with the same proof, mutatis mutandis. O

Lemma 3.2. Let R be a ring, I C R, and J a one-sided ideal of R.

(1) If J is left T-nilpotent, then the two-sided ideal generated by J is left T-nilpotent.
(2) If I and J are left T-nilpotent, then I + J is left T-nilpotent.

Proof. This is [8, Proposition 4.3]. O

The left T-nilpotent radideal is defined by Ty(R) := {a € R : aR is left T-nilpotent} or equivalently
as the set
{a € R : the ideal generated by a is left T-nilpotent}.
For more information and basic facts, see [8, Section 4]. This radical-like ideal satisfies the J-Amitsur
property, and moreover we can explicitly describe the derived ideal as follows.

Theorem 3.3. Given a ring R with a derivation ¢, then Ty(R[x;0]) = Ty s(R)[x; 0], where

(3.1) Ts(R):=<a€eR : Zéj (a)R is left T-nilpotent
. =

= Ty(Rl[z:8]) N R.

Proof. Define T, s(R) as above, and note that this is an ideal of R by Lemma 1), and hence a d-ideal.
We first show that T,(R[z;0]) C T 5(R)[x;6). Fix f(z) € To(R[z;0)), and write f(z) = >, a;x’ with
a; € R for each 0 < i < n. Set J; = Z?O:o 8 (a;)R for 0 < i < n. We will show that J,, is left
T-nilpotent.

Fix a sequence of elements r1,72,... € R and a sequence of non-negative integers 1, 42,... and set
t = 0% (an)r16% (an)re - - - 6 (a, )1y for each k > 1. Each of the elements

0" (f(@))r16™ (f (@))r2, 6% (f (2))rsd™ (f (@))ra, .-
belongs to T¢(R[z;d]) by Lemma and so there exists some index k such that

8 (f(2))r10 (f(z))ry -+ 0% (f(z))ri = 0.
The degree nk coefficient in this product is exactly tx, and thus ¢, = 0.

We now show that .J,,, is left T-nilpotent for any 0 < m < n. By a recursive argument, we may
assume that J,, 41, Jm42,...,J, are left T-nilpotent, and thus the two-sided ideal J generated by
Im+1 + It + -+ + Jp is a left T-nilpotent ideal by Lemma Lemma tells us that in order
to prove J,, is left T-nilpotent we can pass to the quotient ring R/J, and thus we may assume m is

the leading index of f(x). But then the methods of the previous paragraph apply, and so J,, is left
T-nilpotent as desired, which proves the inclusion Ty(R[xz;0]) C Ty s(R)[z; ).
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We now show the opposite inclusion T, (R[x; ]) 2 To5(R)[z;0]. Fix f(z) = Y7 air’ € Ty 5(R)[x; 9],

and also fix a sequence of polynomials gi(x),g2(z),... € R[z;0]. Every coefficient in the product
f@)gi(x)f(x)ga(x) - f(x)gr(z) is a Z-linear combination of terms of the form

(3.2) 67 (@i, )87 (1) 72 (a1, ) 872 (ra) - - - 67 (@i, ) %% ()

where j1,J1, 72,75, - - - Jk» Jr are non-negative integers, for each m > 1 we have that r,, is a coefficient

of gm(z), that a;,, € {ag,a1,...,an}, and that

m
Tms G < Zdeg(gp(x)) +mdeg(f(x)) + 1.

p=1
In particular, note that there are only finitely many choices for each jp,, j.., im, and r,, (given that we
have already chosen the sequence gi1(x), g2(z),...).

Suppose by way of contradiction that for each k£ > 1 there is a term as in which is nonzero. By

an application of Konig’s tree lemma (see, for instance, how it is applied in [§]), we can fix sequences
Z'1,7:27...,j17j27...7ji7jé,... € N and r1,72,... € R such that

sk 1= 01 (03, ) 871 (1) 072 (a5, )72 (r2) - -+ 7% (az, )% () # 0
for every k > 1. On the other hand, some a; must occur infinitely often in the sequence a;,, a;,, . . .,

and since a; € Ty 5(R) we must have s, = 0 for k large enough, giving us the needed contradiction. O

Example 3.4. The ideal Ty ;(R) is not always the maximal d-ideal contained in T,(R). Indeed, let
R = Fazg,21,... : 22 = 0] with derivation d(x;) = z;41. We see that Ty(R) = B(R) = (20, z1,...) is
already a d-ideal, but z ¢ T, 5(R) since
x00(x0)6% (o) - - - 68 (xg) = womrag - - # 0
for each k£ > 1.
Following [8, Section 5], put Tg)) = (0) and recursively define the higher left T-nilpotent radideals
TR ={aecR : a+T(R) e TU(R/T(R))}
if o is the successor of 3, and if « is a limit ordinal
TR = J TR
B<a
We can now extend Theorem to the higher left T-nilpotent radideals, by a simple transfinite induc-

tion.

Corollary 3.5. The higher left T-nilpotent radideals ‘Iéa) satisfy the 0-Amitsur property 1) Thus,
we can write

T (Rla: 3]) = T3 (Rl
for a unique §-ideal TE%)(R) < R.

Proof. Assume the statement is true for all ordinals f§ < «. Note that we have a natural surjection
R[x;0] — R[m;&]/ig%)(R) [x;6], and a natural isomorphism R[w;é]/iéi)(R) [x;0] = (R/T%)(R))[x;g],
where 0 is the derivation induced on the factor ring by 4, since Tg%)(R) is a d-ideal.

First consider the case when « is the successor of some ordinal 5. By Theorem we know T,
satisfies the J-Amitsur property. Thus, the elements of T,((R/ SE,%)(R))[x;i]) are determined by the

constant polynomials in this ideal. Lifting these constant polynomials through the natural isomorphism
and surjection above, we obtain the desired conclusion.
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Finally, if « is a limit ordinal, we have

T (R[z;0) = | T (Rl:0) = | 5 (R)[w; 6
B<a B<a
= U =3 ®) | [z
B<a
. (@) p B (R
Thus, we can take T, 5 (R) = Uz, Ty 5 (R). O

As noted at the beginning of this section, these higher left T-nilpotent radideals stabilize to the prime
radical. Thus, we obtain a new characterization of the prime radical of R[z;d], and we also recover the
result of Ferroro, Kishimoto, and Motose that the prime radical satisfies the §-Amitsur property [6].

Proposition 3.6. Given a ring R with a derivation 0, then we have P(R[x;0]) = Ps(R)[z; d], where
Bs(R) = P(R[z;6)) N R
is the limit of the d-ideals Eéis)(R). In particular, the prime radical satisfies the §-Amitsur property.

4. AN ALTERNATE CHARACTERIZATION OF THE 0-AMITSUR PROPERTY

Perhaps the most well-known and utilized condition for checking the Amitsur property is that of
Krempa in [10, Theorem 1], which states that a radical § has Amitsur’s property if and only if for every
ring R,

F(R[z]) N R =0 implies F(R[z]) =0.

This equivalence holds true for differential polynomial rings, with only minimal changes to the proofs,
as we will now show. To begin, we first need the basic fact that radicals are closed under multiplications
in unital extensions.

Lemma 4.1. Let § be a radical and let R be a ring. If I < R, then F(I) < R and hence F(I) C F(R).
Proof. This is [2, Theorem 1]. O

To apply this to unital extensions, we make the following definition. If R is unital we set R' = R,
otherwise we let R! = R®Z be the Dorroh extension of R by Z, where addition is component-wise and
multiplication is given by the rule (r,m)(s,n) = (rs +ms+nr,mn) for all ,s € R and m,n € Z. Note
that R < R'.

Corollary 4.2. Let § be a radical, let R be a ring, and let 6 be a derivation on R. It happens that
2§ (R[z; 8]) + F(R[z; 6])x C F(R[x;6]). Consequently, F(R[z;6]) N R is a §-ideal of R.

Proof. If R contains 1, then this result is trivial. If R does not contain 1, let R' be the Dorroh extension
as above. We extend & to R! in the only possible way which preserves the fact that J is a derivation, by
having d act trivially on Z. It is easy to check that R[z;d] < R'[z;8]. Thus, by Lemma F(R]x;d]) is
an ideal in R'[z;d], and in particular is closed under multiplication by x. Finally, apply Lemma O

Note that this corollary holds true for more general extensions (such as Ore extensions, see [I1] for
the definition), not just those of derivation type. This fact may be useful in studying radicals of such
rings, but we won’t make use of such generality here.

With this corollary in place, we are now in a position to prove that Krempa’s characterization holds
for differential polynomial rings.
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Proposition 4.3. Let § be a radical. This radical has the §-Amitsur property (L.1)) if and only if for
every ring R and every derivation § on R it happens that

(4.1) F(R[z;8]) N R =0 implies F(R[x;d]) =0.

Proof. This follows by modifying the proof of [I0, Theorem 1], but we include the proof for completeness.
The forward direction is clear, so we only do the reverse.

Set A = F(R[z;6]) N R, which is a d-ideal of R and so A[z; 6] is a well-defined ring. By Corollary [£.2]
Alz; 8] C F(R[z;9]). Thus, F(R[z;d]/Alz;d]) = F(Rx;0])/Alz; 6] by standard radical arguments. On
the other hand R[z;§]/A[z; ] & R[z; 0] where R = R/A and 9 is the induced derivation on the factor
ring (which exists since A is a d-ideal). We then have a string of isomorphisms

§(R[z;6]) N R = §(R[z;6]/Ala; 0]) N R/A
= (8(R[x; 0])/Alx; 0]) 0 (R + Al; 6]) /Al; 6])
= (8(R[z;0]) N (R + Alz; 0])) /Alx; 0]
= (F(R[z;d]) N R+ Alz; ])/Alz; )
= (A + Alz;d])/Alz; 6] = 0.
By assuming the implication in the statement of the proposition, we must have
0 = F(R[z;0]) = F(R[x;0])/Alz; 9]
and hence
§(Rlw;8]) = Al: 0] = (§(R[x:6)) 0 B)[as .
In other words, § has the §-Amitsur property. |

5. TWO DIFFERENT ATTACKS ON RADICALS

There are two distinct ways of showing that the Jacobson radical J satisfies Amitsur’s property. The
first comes from Amitsur’s original characterization found in [I] of the Jacobson radical as J(R|[x]) =
Nlz] for some nil ideal N < R, and involves a clever isomorphism trick. The second method has its
roots in unpublished work of Bergman [3], and utilizes the fact that the Jacobson radical behaves well
with respect to what are called in the literature finite centralizing extensions (see [I5 Section 10.1]).
We will now describe how to transfer these arguments to the situation of skew polynomial extensions
of derivation type, which allows us to show that many radicals have the §-Amitsur property.

Both arguments begin in the same way. Let § be a radical, and assume that § does not have the
0-Amitsur property. Thus, we may fix a ring R and a derivation § on R such that there exists a
polynomial

f(@) € $(R[x;8]) \ (S(Rlw; 8]) N R)[a; 9]

with n := deg(f(z)) > 1 minimal among all choices of R and §. After passing to a factor ring if necessary,
we may as well assume F(R[z;6]) N R = 0, and hence this minimal degree n occurs over a ring where
the differential version of Krempa’s criterion fails. Write f(z) = > i, a;z" € F(R[z;d]) with each
a; € R. Now, one quickly verifies that the map sending h(x) — h(z + 1) is an automorphism of R][x; ]
(even in the case when R is non-unital), and radicals are invariant under automorphisms, so f(z+1) €
§(R[x;0]). But since deg(f(z + 1) — f(z)) < deg(f(x)), minimality of n implies f(z + 1) — f(z) = 0.
Expanding yields f(z + 1) — f(z) = na,2" " + lower order terms, and so na,, = 0. If either n = 1
or R is a Q-algebra we have a contradiction (to the fact that a,, # 0), so we may assume n > 2. Letting
m > 1 be the smallest integer with ma,, = 0 and fixing a prime p|m, we can replace f(x) by (m/p)f(x),
and thus pa,, = 0. But pf(z) € F(R][z;d]), so by minimality of degree we in fact have that pf(z) = 0.
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It is at this juncture that the arguments of Amitsur and Bergman diverge, so we first describe
Amitsur’s argument. We want to reduce to the case pR = 0. To facilitate such a reduction, we make
the additional assumption that § is hereditary. Then letting

R,={reR : pr=0}<R
the hereditary assumption gives us
(5.1) S(Rp) = 3(R) N Ry.

From the harder of the two inclusions in we get f(z) € F(R)N R, C F(R,), and from the (easier)
other inclusion we see that there are no nonzero polynomials of smaller degree in §(R,). Thus, after
replacing R by R, if necessary, we may reduce to the case pR = 0.

In the usual polynomial case one now shows that since f(z+1) = f(z) we have f(z) = g(zP — x) for
some polynomial g(z) € R[z]. Not surprisingly, in the differential polynomial case one can still show
that f(z) is a left polynomial in the variable ¢ := 2P — x (see [I] for the quick argument). Note that for
any r € R we have

(2P —z)r = r(aP — ) + (6P = §)r,

since pR = 0. Moreover, because R is an [Fj,-algebra it is straightforward to check that 6” is a derivation
on R, and thus 6” — § is a derivation as well. Hence, g(z? — x) = g(t) € R[t;0P — §] and clearly
deg(g) < deg(f). In the standard polynomial case, one argues that g(¢) belongs to §(R[t]) (often, by
appealing to additional assumptions on the radical §) and then since R[t] = R[x] we have g(z) € F(R[z]),
contradicting the minimality of n. Unfortunately, there is in general no degree preserving isomorphism
between R[z;d] and R[t; 6P — §]. Thus, Amitsur’s argument often breaks at this point for differential
polynomial rings.

We now turn to the other method. Propitiously, in Bergman’s argument there is no roadblock. (Note
that we are now not necessarily assuming § is hereditary, although if that assumption holds then the
reductions in the previous two paragraphs can still be made.) The idea is simply that we need more
automorphisms which will give us more control over f(z). In that spirit, let ¢ > n be an integer prime
and let ¢ = (; be a primitive gth root of unity (from C). Given any ring A, define A’ := A[{] = AQzZ[(].
(Here we are abusing notation slightly since A may already contain the complex gth roots of unity; so
one must remember that A[(] is shorthand for A ®7 Z[¢].) Note that A sits (isomorphically) as a
(possibly non-unital) subring of A’. In our case, we focus on the ring R[z;d] ®z Z[(] = R'[x; '] where
' is the derivation on R’ = R[(] determined by the rule ¢’(r ® @) = () ® a. In this ring we have the
automorphisms

(5:2) aj(h(x)) = h(z + ¢’)

for j € N. Identifying f(z) with f(z) ® 1 € R'[x;4'], the constant term of f(z + (/) — f(z) is exactly

Z a; X C”
=1

Thus

g—1
gla) =) ¢ (fla+¢T) — f(2)
j=0
g—1ln-—1 »
=qa, ®1+ Z Z a; @ (70~ 4 higher order terms,
j=0 i=1
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but by switching the order of summation and noting that (=™ is also a primitive gth root of unity (for
1 <i<n-—1since n < q), we have

g—1n—1 n—1 q—1 ) n—1
ZZai®Cj(i_")=Z ai®Z(Ci_”)] =Zai®0:0.
Jj=0 =1 i=1 j=0 i=1

Thus ga,, is the constant term in g(x).
We now define a property which holds for many radicals. We say that § respects finite cyclotomic
ertensions when it happens that

(5.3) for all rings A, and all integer primes ¢, §(A) = F(A[¢,]) N A,

with (, € C a primitive gth root of unity and A[(,] := A ®z Z[(,]. Under this assumption, we see that
f(@) € §(Rlz;6]) € F((Rw;d])[¢]) = §(R'[x;0")

and hence by Lemma [4.1] (to get closure under multiplication by powers of ¢) we have g(z) € F(R'[z;d']).
But deg(g(x)) < deg(f(z)) and so the minimality condition on n tells us that every coefficients of
g(x) is an elements of F(R'[x;d’]). In particular ga, € F((R[z;d])[¢]) N Rlx;d] = F(R[x;d]). But
pa, =0 € F(R[x;d]) and ged(p, ¢) = 1, hence a,, € F(R[x;0]) N R = 0, yielding a contradiction. Putting
this all together we have the following result.

Theorem 5.1. If § is a radical which respects finite cyclotomic extensions, then § has the §-Amitsur
property.

In the case of hereditary radicals, we can make an even nicer statement by arguing along the lines
of [6], as was done in [4] using the stronger notion of normalizing extensions.

Theorem 5.2. Let § be a hereditary radical. Also assume that § respects finite field extensions,
meaning:

For every F-algebra A, and every integer m > 1,

(54) $(A) =F(A®r, Fpm) N A

Then § has the d-Amitsur property.

Proof. We start by working contrapositively. Assume § is a hereditary radical and does not have the
d-Amitsur property. As in the argument above, we can reduce to the case where (i) R is an [F-algebra,
(ii) F(R[z;6))NR = 0, and (i) f(x) = >, a;x’ in the set F(R[z;d])\ (F(R[z; 6]) N R)[z; §] has minimal
degree n > 2.

Now, assume by way of contradiction that § respects finite field extensions. Setting R’ = R®p, Fym
with m > n, we obtain

f(x) € F(R[x; 0] @x, Fym) = F(R'[;5])

where ¢’ is the natural extended derivation. On the ring R'[z;0'], the map h(z) — h(z + t) is an
automorphism for every ¢t € Fpm. Thus f(z +t) — f(z) € §(R'[z;d']) for every t € Fpm. Since
deg(f(z +1t) — f(z)) < deg(f(x)), the minimality condition on n implies that the constant term of
f(z +t) — f(z), which is just > i, a;t*, belongs to F(R'[z;d']). A Vandermonde matrix argument
(using the fact that p™ > n) tells us that each a; € F(R'[z;d']) for 1 < i < n. Hence

f(z) € ($(Rlx; 6] @r, Fypm) N R)[z; 6] = (F(R[z;0]) N R)[; 4],

giving us the needed contradiction. O
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Remark 5.3. (1) In the argument of Theorem |5.2| we really only need § to respect finite field extensions
F,m /I, for a sequence of strictly increasing positive integers m = m; < mq < .... We will make use of
this small improvement shortly.

(2) Suppose A is an Fy-algebra and § is a radical. Let ¢ # p be prime, and let ®,(x) = (z7-1)/(xz—1)
be the gth cyclotomic polynomial. Since ®,(x) is separable modulo p, we can write ®,(x) = Hle fi(x)
(mod p) where the f; are relatively prime, monic polynomials which are irreducible modulo p. We then

have
t

A2 TG = A®s, Foly)/(@y(y) = [] (4 @6, Fyr)
i=1
where n; = deg(f;) for each i. An easy computation now shows that if § respects finite field extensions,
then it respect finite cyclotomic extensions (at least when ¢ # p).
(3) Finite cyclotomic extensions and finite field extensions are just special cases of finite centralizing
extensions. See Section 10 of [I5] for some further nice examples.

We now give an easy example of where these methods apply. (Note that each of the radicals in the
corollary below was already covered by [4].)

Corollary 5.4. The Jacobson radical, Levitzki radical, prime radical, and Brown-McCoy radical each
have the §-Amitsur property.

Proof. Let § be any of the above radicals. First suppose R does not have 1. We then have §(R) C F(R')
since § is hereditary. But R!/R = Z is §-semisimple; so we must have equality F(R) = F(R'). A similar
argument holds if we replace R by R[z;d] (since, in this case, Z[z] is F-semisimple). So without loss
of generality, we can reduce to the case that R is unital. It is well known that each of these radicals
respects finite cyclotomic extensions in case the ring is unital, see for instance [16, p. 454]. Now just
apply Theorem O

As the proof that the Brown-McCoy radical respects finite cyclotomic extensions is by no means
trivial, we give an alternate proof in that case, which may be of independent interest.

Proposition 5.5. The Brown-McCoy radical & has the §-Amitsur property.

Proof. Since & is a hereditary radical, by Remark 1) and Theorem it suffices to show that
whenever F is a finite field, R is an F-algebra, and K/F is a field extension with [K : F] = 2, then
&(R) = 6(S)N R where S = R®p K. Further, if R is non-unital and R* is the Dorroh extension of R
by F, then &(R) C B(R*) since R is an ideal in R*. On the other hand R*/R = F is Brown-McCoy
semisimple. Thus &(R) = &(R*), and hence we only need to prove the equality holds in the case when
R is a unital F-algebra and S is a unital overring. Fix an F-basis B = {1,b} for the extension K/F.
We now prove the equality &(R) = &(S) N R.

(€): Assume by way of contradiction that r € (R) \ &(S). Then r ¢ M for some maximal ideal of
S. Since S/M is a simple ring, 1 — """ | s;rs, € M for some s;, s; € S. Expanding this sum in terms of
the basis B, we have Z:’;l 8i18; =11 + b for some r1,79 € RrR C B(R), and also 1 —r; —rab € M.

Consider the two-sided ideal R(1 —r1)R < R. If this were a proper ideal, it would be contained in a
maximal ideal M’ of R. But since r; € &(R) we would also have r; € M’ and hence 1 = (1—r1)+r € M’
which is impossible. Thus R(1 —71)R = R, so we can write 1 = ", ;(1 — 1)t} for some elements

j=1
tj,t; € R. Hence

n

thl—rl—rgb Ztrgt b=1—ube M

for some element u € RTQR C &(R).
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Since K is a finite field, we can fix an integer k¥ > 2 such that b¥ = 1. Thus
1—uf = (1 —ub)(1 4 ub+u?? +-- a1k e M.

But u* € &(R), and so by the same argument as at the beginning of the previous paragraph we have
R(1 —u*)R = R. Thus 1 € M, giving us the needed contradiction.

(D): Assume by way of contradiction r € (&(S)NR)\ &(R). Fix a maximal ideal I of R, with r ¢ I.
Notice that I ® p K = I & Ib is a proper ideal of S, and so is contained in a maximal ideal M of S.
Since r € &(S) we have r € M. But I C M as well, so R =T+ RrR C M. This yields 1 € M, a
contradiction. |

Remark 5.6. These same techniques fail for the Behrens radical 5. By [12] Proposition 3.1] we have
B(S) N R C B(R) for any unital finite centralizing extension, and so we only care about the reverse
inclusion. However, from the Example following Proposition 3.1 in [I2] there is a Behrens radical ring
R which is an R-algebra and 3(R) € B(R ®@g C). This shows that 3 does not even respect quadratic
field extensions. One might still hold out hope in the finite field case, but in fact the example can be
modified to disprove that case as follows.

Let K be the field of rational functions in the commuting variables z; (for i € Z), with coefficients
in F5(y). Let o by the F3(y)-automorphism of K which sends x; — x;41. One verifies that the skew
Laurent polynomial ring (of automorphism type) K[z,x~ ;0] is a simple domain with F3(y) as the
center.

Define H = (277’) as the quaternion algebra over F' = F5(y) with generators i, j and relations given by
i2 =2, j2 =y, and ij = —ji. This is a non-split algebra, hence is a 4-dimensional division algebra with
center F3(y). The tensor product 7' = H ®p,(,) K[z, 27*;d] is also a central simple F3(y)-algebra. The
remainder of the construction is essentially unchanged from [12] after replacing R by F3(y) and C by
Fo(y) everywhere, so we leave those details to the interested reader. Finally, note that H ®g,(,) Fo(y) =
Mz (Fo(y)) since Fg contains a square-root of 2, and also note that S = R ®p, () Fo(y) = R ®r, Fg.

6. OPEN QUESTIONS

One radical which is conspicuously missing from Corollary is the upper nilradical. Amitsur in
1956 proved that the upper nilradical has Amitsur’s property [I], but only in 2014 was a proof finally
found by Smoktunowicz for the fact that the upper nilradical is homogeneous in Z-graded rings [17].
This work was subsequently extended to gradings over semigroups in [14]. Unfortunately, these methods
are somewhat orthogonal to those employed in this paper, and so we ask:

Question 6.1. Does the §-Amitsur property hold for the upper nilradical?

Perhaps even more difficult is the case of the Behrens radical, for we know that this radical behaves
poorly with respect to field extensions.

Another set of questions involves element-wise characterizations of the ideal F(R[z;d]) N R, when R
has a derivation §. While much work has been done in the case of the prime radical, there are other
basic radicals which might yield to similar analyses. In particular, we ask:

Question 6.2. If £ is the Levitzki radical, is there a simple description of the ideal £(R[z;d]) N R, for
any ring R with a derivation §7

Finally, in Section [3] we gave a list of five characterizations of the prime radical, four of which are
now known to generalize extremely well to the differential polynomial case. Thus we ask:

Question 6.3. How does the bounded nilradical behave in differential polynomial rings? Is there a
simple element-wise description of this ideal in terms of the coefficient ring?
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